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Applications of Finite-Time Lyapunov Exponents to the Study of

Capsize in Beam Seas

Leigh McCue*

Abstract

This paper demonstrates the use of finite-time Lya-
punov exponents (FTLE) for the detection of large
amplitude roll motions and capsize. The study is
conducted for a simple, single degree of freedom
model of the Edith Terkol in regular and random
beam seas. The effectiveness of the FTLE technique
is qualitatively compared to a scalar ship motion
metric based upon the ‘energy index (EI)’ concept
used for real-time identification of quiescence.

1 Introduction

For centuries chaotic vessel motions and capsize
have resulted in lost cargo, ships, and lives. For this
reason it is of the utmost importance to develop
tools which can provide mariners with indicators
of inclement ship motions. Lyapunov exponents
provide a measure of the rate of convergence or
divergence of nearby trajectories thus indicating
the level of sensitivity of a system to initial
conditions. They have been used to demonstrate
exponentially divergent, chaotic behavior in vessel
motions as demonstrated by references such as
Papoulias (1987), Falzarano (1990), Spyrou (1996),
Murashige and collaborators (1998a; 1998b; 2000),
Arnold et al. (2003), and McCue and Troesch
(2004; 2004; 2005).

The Lyapunov exponent, however, is defined in
the limit as time approaches infinity; therefore to
detect instabilities in time leading to an event, such
as capsize, the finite-time form of the Lyapunov
exponent is necessary. For a system of equations
written in state-space form x = u(z), small devia-
tions from the trajectory can be expressed by the
equation 0&; = (Ou;/0x;)dx; (Eckhardt & Yao,
1993). 0x is a vector representing the deviation
from the trajectory with components for each state
variable of the system. From this, the equation for
the finite-time Lyapunov exponent can be written
as Equation 1 (Eckhardt & Yao, 1993).
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For a multi-dimensional state space a spectrum of
finite-time Lyapunov exponents can be calculated
with the same number of exponents as dimension of
the state-space. Methods for computing Lyapunov
exponents and finite-time Lyapunov exponents
from equations of motion are well developed in the
literature with details available in references such
as Benettin et al. (1980), Wolf et al. (1985), and
Eckhardt and Yao (1993).

In this work, the results generated via finite-time
Lyapunov exponents are compared to results from
a path-independent scalar ship motion metric
known as the energy index (EI). The energy
index, initially proposed by O’Reilly (1987), is an
experimentally-tested, empirically-based indicator
of quiescent periods suitable for sea-based aviation
operations in which an energy-like scalar value is
used as a measure of ship motions (O’Reilly, 1987;
Ferrier & Manning, 1998; Ferrier et al., 2000a;
Ferrier et al., 2000b).

While it is desirable for current ship-air operations
to indicate motions in all six degrees of freedom,
particularly vertical accelerations (Colwell, 2002b),
this study compares finite-time Lyapunov expo-
nents to a simple formulation of the energy index
based upon the two state space variables considered
in this work, namely roll and roll velocity. The
intention of this work is to demonstrate the capabil-
ities of FTLE algorithms for detecting instabilities
without the dependence more complicated energy
index algorithms have upon empirically defined
coefficients (Ferrier & Manning, 1998).

It should be clear, however, that this is not the
traditional use of the energy index, rather that the
energy index concept in this case is being used as
a benchmark. Because the energy index has been
experimentally tested and shown to accurately
indicate regions of quiescence (O’Reilly, 1987),
it provides a useful comparison for this proof-of-
concept study. This work aims to illustrate that
a mathematical approach, such as the FTLE, can
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yield as much, or greater information into the
fundamental physics driving the motions of the
system to capsize or quiescence, than a method
with ship and condition-dependent parameters.

2 Regular Seas

2.1 Regular seas: modelling detalils

For the study presented in this work, the simple sin-
gle degree of freedom roll model for the Edith Terkol
established by Soliman and Thompson (1991) and
given in Equation 2 was simulated.
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In Equation 2, b; and ¢; terms are linear and
nonlinear damping and stiffness coefficients re-
spectively with specific values: b = 0.0043,
bs = 0.0225, ¢; = 0.384, co = 0.1296, c5 = 1.0368,
cy = —4.059, c5 = 2.4052, [ = 1174, and W); =0
(Soliman & Thompson, 1991). The term M (¢) in
regular seas is defined by Equation 3 (Senjanovié
et al., 2000), where «y, the effective wave slope, is
taken to equal 0.73 (Francescutto & Serra, 2002;
Gu, 2004), w, and w, equal 0.62 and 0.527 rad/s
respectively (Soliman & Thompson, 1991), and the
terms H = 4.94m and A = 221.94m are chosen to
be consistent with results published by Soliman
and Thompson in which interesting behavior is
detected (1991). The general form of Equation 3 is
widely available in the literature (Nayfeh & Khdeir,
1986; Nayfeh & Sanchez, 1990). Each simulation
was allowed to run for 100 wave encounters or to
the point of capsize. For the purposes of this work
capsize was defined as exceeding the vessel’s angle
of vanishing stability, ¢, = 0.88 rad (Soliman &
Thompson, 1991).

3)
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2.2 Regular seas: finite-time Lya-
punov exponents

Finite-time Lyapunov exponents were calculated
via simulation for the numerical model of the Edith
Terkol given by Equations 2-3. Particular attention
was paid to the values and timing of maxima in the
FTLE time series. Figure 1 presents histograms
illustrating the values of maximum FTLE values
for both capsize (top) and non-capsize (bottom)
cases. Additionally, by consideration of the middle
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Figure 1: Histograms of maximum FTLFE; for cap-
size and non-capsize cases in regular seas.

panel of Figure 1, it is apparent that those capsize
cases with small FTLE values correspond to cases
which capsize within one excitation cycle, i.e.
those runs which capsize, for all practical purposes,
immediately. Figure 2 illustrates that elimination
of those cases which capsize prior to one wave cycle
essentially results in removal of the cases at the
extrema of roll and roll velocity initial conditions.

To demonstrate that instabilities are detectable
in a time frame suitable for corrective measures
to be taken, Figure 3 presents histograms of the
number of wave cycles encountered between the
occurrence of the maximum FTLE to the actual
time of capsize. Again, the top panel includes all
capsize runs while the bottom panel is restricted
to those runs which capsize after one wave period.
Considering only those runs which capsize after one
encounter cycle, the majority capsize more than
half a wave cycle after the maximum FTLE, with
many capsizing multiple cycles after the location of
the maxima. Detecting trends towards increasing
values prior to the occurrence of maxima could lead
to even greater time windows in which stabilizing
controls changes are executed. This is discussed
further in Section 2.3.

2.3 Regular seas: finite-time Lya-
punov exponents in comparison
to the energy index

For the single degree of freedom model, a simple
definition of the energy index (EI) was used as
given in Equation 4 (O’Reilly, 1987). Equation
4 emulates the form of the equation for the EI
of O’Reilly’s for motions in multiple degrees of
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Figure 2: Safe basins indicating non-capsize and capsize for all cases (left) and those cases capsizing after

one excitation period (right) in regular seas.
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Figure 3: Histograms of wave encounter cycles from
the occurrence of the maximum FT LE; to the time
of capsize in regular seas.

freedom (O’Reilly, 1987). More complicated EI
models exist which rely upon empirically deter-
mined weighting coefficients for each degree of
freedom (Ferrier & Manning, 1998; Ferrier et al.,
2000a; Ferrier et al., 2000b). The purpose of this
research is to demonstrate the ability to warn of
large amplitude motions without a reliance upon
empirical coefficients, thus justifying the use of the
definition in Equation 4.

EI =\/¢?+ 2 (4)

Figure 4 presents a comparison of roll, FTLE,
and EI values for a single ship motion simula-
tion of the FEdith Terkol with initial conditions
(¢ rad, ¢ rad/s) = (0,—0.2269). While the energy

index reflects the instantaneous behavior of the sys-
tem, the FTLE time series exhibits odd behavior,
deviating from a fairly regular periodic response,
20 seconds prior to capsize and encounters peak
values one cycle before capsize. Of particular
interest is the middle plot, which displays the sum
of the two FTLE for an entropy rate-like measure
(Falkovich & Fouxon, 2004). Specifically, one cycle
prior to capsize, this value rises above zero.

Similar behavior is identified when examining a
range of capsize and non-capsize cases in Figure 5
which present simulations near to the initial condi-
tions of Figure 4. Those cases leading to capsize
begin to exhibit unique FTLE time series behavior
multiple cycles prior to capsize in addition to phase
differences and peaks relative to the non-capsize
runs. Additionally, phase differences in the FTLE
time series are present in the non-capsize runs as
time progresses. Some runs experience increasing
roll motions while others encounter decreasing
motions.

Based upon this model, there is promise that
measurement of these differences and detection of
peaks can indicate variations in magnitude of ship
motion in addition to capsize. Quantitatively, con-
sideration of the sum of the FTLE values for those
neighboring capsize and non-capsize cases in Figure
5 indicates that all capsize cases have positive FTLE
sums and non-capsize cases have negative FTLE
sums. A summary of initial conditions and values
of peak FTLE,+FTLE, displayed in Figure 5 is as
follows: (¢ rad, ¢ rad/s, FTLE, + FTLE, 1/s) =
(0, —0.2618,0.0025), (0, —0.2443,0.0012),
(0, —0.2269, 5.1439¢ — 004), (0,—0.2094, —0.0030),
(0, —0.1920, —0.0041), (0, —0.1745, —0.0049).
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Figure 4: Roll plotted with first and second FTLE (top), sum of FTLE (middle), and EI (bottom) for
Edith Terkol in regular beam seas, ¢g = 0 rad, ¢9 = —0.2269 rad/s.
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Figure 5: FTLE; (top), sum of FTLE (middle top), EI (middle bottom), and roll (bottom) for Edith
Terkol in regular beam seas. Six cases shown corresponding to initial conditions: ¢¢ = 0 rad, gz50 =
—0.2618 rad/s; ¢o = 0 rad, ¢9 = —0.2443 rad/s; ¢o = 0 rad, ¢ = —0.2269 rad/s; ¢y = 0 rad,
do = —0.2094 rad/s; ¢ = 0 rad, ¢ = —0.1920 rad/s; ¢o = 0 rad, ¢y = —0.1745 rad/s. Dotted and solid
lines denote capsize and non-capsize runs respectively.
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Figure 7: 3-dimensional plot of initial conditions
and maximum FTLFE; + FTLFE, for capsize and
non-capsize cases in regular seas.

Figure 6 shows the range of values for maximum
FTLE, + FTLE, for non-capsize cases and those
capsize cases in which capsize occurs after one
excitation period. The mean value for capsize
cases is 0.00098 (1/s) while the mean value for
non-capsize cases is -0.0037 (1/s). Positivity of
the entropy rate-like value FTLFE, + FTLF, is
an indicator of potential danger. As apparent
in Figure 7, those non-capsize runs with positive
values for peak FTLE, + FTLE, represent sim-
ulations in the regions of greatest sensitivity to
initial conditions. Thus, in addition to those areas
resulting in capsize, it is not illogical to identify
such conditions as necessitating precautionary
measures and that a definition based upon FTLE
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Figure 8: Safe basin indicating non-capsize and cap-
size in random seas for those cases capsizing after
one excitation period.

methods could provide a conservative indicator of
capsize.

3 Random Seas

3.1 Random seas: modelling details

In random seas, the term M (t) in Equation 2 is
written as Equation 5 (Senjanovié et al., 2000; Gu,
2004)

N
M(t) = Iozowi@ Z(wi)Q\/S(wi) sin(w;t + €;)
9

(5)
where N = 180 is the number of wave components,
dw = 0.0083 rad/s is the size of the wave frequency
increment, w; is the encounter frequency for each
wave component, ¢; is a random phase angle
between 0 and 27 for each wave component, and
S(w) is a wave energy spectrum. For this study
the ISSC two-parameter spectrum, Equation 6 was
used with a significant wave height Hy = 4.94m
and characteristic frequency w, = 0.527 rad/s for
consistency with Section 2.

4 1
_ 2Wz _ @z
S(w) = 0.1LH? = exp ( 0.44 ( - ) ) (6)

Details as to the derivation of Equation 5 can
be found in Senjanovi¢ et al. (2000), Jiang et al.
(1996), and Chapter VIII of Principles of Naval Ar-
chitecture (1989). A sample safe basin representing
the simulation of Equations 2 and 5 is presented in
Figure 8. In Figure 8 the same random seed is used
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Figure 9: FTLE; (top), sum of FTLE (middle top), EI (middle bottom), and roll (bottom) for Edith
Terkol in random beam seas. Both cases correspond to initial conditions ¢ = 0 rad, ¢ = 0 rad/s. Dotted
and solid lines denote capsize and non-capsize respectively.

for each simulation, therefore each initial condition
pair is subject to the same random wave time series.

3.2 Random seas: finite-time Lya-
punov exponents

In random seas, finite-time Lyapunov exponents
and energy index values were calculated via simu-
lation for the numerical model of the Edith Terkol
given by Equations 2 and 5. Figure 9 compares
data for two time series with identical initial
conditions in random seas in which one case leads
to capsize, and one non-capsize. As in Figures 4-5,
EI values serve as a reflection of the roll time series
behavior. Conversely, the finite-time Lyapunov ex-
ponent time series demonstrates distinct variations
in behavior well before the point of capsize.

For example, after approximately 540 seconds
of simulation, there is a marked phase change
between capsize and non-capsize FTLE time series
in which the run leading to an ultimate state
of capsize changes from leading to lagging the
non-capsize time series. Additionally, the FT LFE;
values increase substantially at approximately 550
seconds of simulation. In consideration of the sum
of the two FTLE for both capsize and non-capsize

runs, it is found that over the entire simulation
time the maximum value for FTLE,; + FTLE,
for the capsize case is positive, 0.0028 while it is
-0.0028 for the non-capsize case. This again lends
validity to the belief that quantitative indicators
of capsize can be formulated via the use of the
FTLE as well as that the FTLE holds promise as
an indicator of periods of coming quiescence.

Figure 10 shows histograms of the maximum first
FTLE for capsize and non-capsize cases in random
seas. Only those runs capsizing after one excitation
cycle are considered as established in Section 2. In
Figure 10, similar to Figure 1, those runs resulting
in capsize typically experienced larger maximum
FTLE. Also shown in Figure 10 is the cycles from
the occurrence of the peak FTLE to capsize. While
in random seas, the cycles to capsize is dependent
upon the random seed in the phase term of the
wave train, it is apparent for the sample set pre-
sented herein, that for many cases capsize occurs
sufficiently long after the peak in the FTLE time se-
ries that corrective measures could be implemented.

Figures 11-12 plot histograms and state space
of the entropy rate-like value summing the two
finite-time Lyapunov exponents. Those runs which
capsize after one excitation cycle have, on average,
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Figure 10: Histograms of maximum FTLF; for
capsize (top) and non-capsize (middle) cases in ran-
dom seas as well as cycles from maximum FTLFE;
to capsize (bottom).

a positive maximum FTLFE; + FTLE5 while those
runs which do not capsize tend toward negative
values as shown in Figure 11. As seen in Figure
12 those non-capsize cases with positive maximum
FTLE, + FTLE, often lie on the fractal bound-
aries between capsize and non-capsize. Measures
detecting positive, or small negative values of
the sum of all Lyapunov exponents, in addition
to detecting peaks, phase differences, and other
oddities in the FTLE time series, can indicate
impending capsize.
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Figure 12: 3-dimensional plot of initial conditions
and maximum FTLFE, + FTLE, for capsize and

non-capsize cases in random seas.

4 Conclusions

Based upon numerical simulation of Soliman and
Thompson’s (1991) simplified single degree of free-
dom roll motion model, this work demonstrates that
finite-time Lyapunov exponent calculations provide
viable indicators of impending capsize in both regu-
lar and random seas. Instabilities leading to capsize
are detected through:

1. peaks in the FTLE time series,

2. time series phase changes and/or other quali-
tative idiosyncratic behavior, and

3. positivity of the sum of the FTLE spectrum in
time.

This further supports the conclusions arrived at by
McCue and Troesch in their studies of three-degree
of freedom numerical and experimental results
(2004; 2005).

To implement this theory in a practical, on-board
manner, a number of areas for future research arise.
Specifically, it would be of use to further study the
feasibility of this technique in detecting quiescence
as applied to ship based aviation applications
via comparison of results from both methods for
ship motions in six degrees of freedom. Colwell
expressed concern that a scalar representation of
the ship motion environment obscures some of the
understanding of the limiting aspects of sea-air
operations (2002a). It is the author’s belief that
a mathematical approach, such as that presented
by finite-time Lyapunov exponents, enables under-
standing of the fundamental physics of the system



while still reaping the benefits of a scalar output.

Additionally, more quantitative means to detect
variations in the FTLE time series are required. It
is not always practical, feasible, or computationally
efficient to calculate the entire FTLE spectrum,
and thus measuring for positivity of the sum of
the finite-time exponents may not be the ideal
quantitative indicator. Instead, benchmarks for
peak values and techniques to quantify phase and
other behavior changes in the FTLFE; time series
must be developed through further simulation and
analysis of experimental data for a range of hull
forms in realistic seas.
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