Performance
15. Takeoff and Landing

The takeoff distance consists of two parts, the ground run, and the distance from where
the vehicle leaves the ground to until it reaches 50 ft (or 15 m). The sum of these two distancesis
considered the takeoff distance. (Note: sometimes a 35 ft altitude is used). The takeoff distanceis
generally calculated for maximum weight in a standard atmosphere. In addition, usually the worst
case scenario is also calculated which is maximum weight, high altitude, and a standard “hot”
day. Of immediate concern here is the calculation of the ground roll.

In order to calculate the ground roll, we need to write the equations of motion for the
vehicle as it moves down the runway.
A free-body diagram of the vehicleis
shown to theright. The forces that acto
on it are the aerodynamic forces of lift
and drag (L and D), the thrust force (T),
the ground normal force (R) and the
ground friction force (LR), where u is
the coefficient of rolling friction. We can
now write the equations of motion along
the runway and perpendicular to it.

Verticd:
L+R-W-=0 = R=W-1 Q)
Horizontal:
T-D-pR-=m%
dt .
W v @

T-D-u(W-1)-=
B ( ) 7 di

Rearranging, we have:
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where C, isthelift coefficient during the ground run and C,, isthe corresponding drag
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coefficient. In general the constants in the parabolic drag coefficient are different from the ones
used for up-and-away performance calculations. These differences are due to the aircraft
configuration (gears, and partial flaps possibly) and due to the proximity of the ground (ground
effects). How these factors affect the coefficient parameters will be discusses later.

At this stage of the development, we will assume how the thrust varies with airspeed.

Assumption: The thrust can vary with airspeed according to the rule:

T=T,-aV? (4)
where:
T, = Thrust a zero airspeed (Static Thrust)
T = Thrust at airspeed V
a = constant that can be positive, negative or zero

With this assumption, we can gather together coefficients of V2 and terms that don’t depend on V,
to get:

dv T, gl 2
2 =gl 2-u| -E&|2ps(c, -pC, \+alV
t g( W ”) W[Zp (Dg . Lg) (5)
=A - BV?
where:
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A g(W p.) and B W[sz(CDg chg)+a

Timefor Ground Run

We can rearrange Eq. (5) to obtain the time for the ground run. This particular
performance parameter is generally not of much interest, but is easily obtained, and is useful if
we change thrust or lift characteristics at some time during the ground run (for example, use ajet
assisted takeoff). In any case, we can solve Eq. (5) for dt to get:

o av
dt_A_BVZ (6)

Under our assumptions, A and B are constant, so we can easily integrate EQ. (6). In most cases
we can assume that both A and B are positive numbers. A certainly is always positiveand B is
positive unless the ground lift coefficient islarge ( an unlikely event). In normal conditions (A
and B > 0) the time for the ground run between two airspeedsis given by:
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Timefor Ground Run Between any Two Speeds, Constant o, A, B >0

Vs

dv 1
t2—t1=f - =
y, 4 - BV? JAB

(78)

() =

or
Timefor Ground Run Between any Two Speeds, Constant «,,, A, B >0

n| 2 1V7 (7b)

n
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It may be possible to have the B in the second term in our expression for acceleration to
be negative Under these circumstances, we would have the situation:

Timefor Ground Run Between any Two Speeds, Constant ¢, A >0,B <0

Vs

t, -t =f av S = ! tanl( sz) —tanl( MVI) (8)
y, A+ |B| V2 JA[B] A A
Usually, the lift-off speed isdesignated to be 1.2V, :
VTO =12 Vstall (9)
Then the time to takeoff from rest is given by:
Time to Takeoff
A+ V., B
) = —— tanh™! \I;VTO) N W P (O (10)
JAB 4 2JAB| A -V, /B




Distance of Ground Run

Probably a more critical issue regarding the takeoff ground run is the distance travel ed.
We can determine this distance in the following manner:

av
altdezA—BV2 11
ds dsS Vv (11)
dt
Rearranging, we have:
vdv
dS:A—BW (12)

If we make the same assumptions as we did for the time calculations, the two parameters, A and
B are constant and Eq. (12) can be integrated (regardless of the sign of B) to give:

Distance for Ground Run Between two air speeds, V, and V..

1 ,2 1 A-BV}
S, -8 =-—In(4 - BV?*)| = In
2B 7, 2B A—BV22

(13)

For the case where we start from rest and go to takeoff, Eq. (13) becomes:

Takeoff Ground Run Distance

Minimum Distance Ground Roll

Like most other performance characteristics, we would like to find the best value and the
means to achieve this best value. For takeoff distance, the best value would be the shortest
distance. Hence we would like to find the flight conditions that would minimize the takeoff

distance. Since the acceleration is given by Z—It/ = A - BV? ,itisclear to maximize the

acceleration (which we hope minimizes the takeoff distance) we need to maximize A and
minimize B. The key ingredients of A are the thrust to weight ratio and the ground friction
coefficient. Therefore we want to maximize the thrust (and minimize the weight) and to take off
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from a surface that has alow rolling friction coefficient (pavement over grass for example).

If welook at the parameter B, we see that the only portions of it that we have control over
are the ground aerodynamic parameters, C, , and C,, . We seek, therefore, to minimize the term
g g

Co ~BC =Cp, +KCpa-pCp (15)

g

The only terms at our disposal hereisthe ground lift coefficient, C, , and the zero-lift ground
g

drag coefficient CDOL . Thislatter term we would like to make as small as possible by reducing

g

frontal area, removing appendages, and making the aircraft smooth. The only term that we really
have control over isthe ground lift coefficient. We can adjust this term by changing the angle and
hence angle-of-attack at which the aircraft rolls along the ground. This is done by adjusting the
lengths of the landing gear struts. However it is done, we can establish the best CLg by taking the

derivative of Eq. (15) with respect to C, and setting it equal to zero:
g

d _ _
ac, Cp,, * K Cp2 = 1C, )= 2K,C, = = 0

g

or

Ground Lift Coefficient for Minimum Takeoff Ground Run Distance

- _k
CLg Y (16)
g
Example
Given: W = 56,000 Ibs Vio=12Vy, M, = 75%
S=1000 ft? C, =0.024 +0.04 CL2 T, = 2400 BHP/engine
g g
Cx=24 pn=0.25

Thisisapropeller driven aircraft with a shaft (brake) horsepower of 2400 per engine. We want to
calculate the minimum ground run at sea-level in astandard atmosphere.

First, calculate the takeoff speed.

Van = u = 26000 = 140.0 ft/sec
12pSC, 1/2 (0.002377) (1000) (2.4)
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Vi = 127

stall

= 1.2(140) = 168 ft/sec

Now determine ain the thrust equation.

@takeoff:  P.n =TV = 0.75(2400)550 -

Total thrust at takeoff = 2x5900 = 11,800 |bs
Total static thrust (V - 0) = 2x6500 = 13,000 Ibs

r=1, - aV? = 11,800 = 13,000-a(168)’ =

T = 13000-0.0422 V2

The shortest ground run lift coefficient is determined from:

c, - ® 0.025

s 2K,  2(0.040)

= 03125

C D,

= 0.024 + 0.04 (0.3123)* = 0.0279

7 - 0.75)2400 (550)

a = 0.0422

168

1b sec?

ft2

We can now determine the constants “A” and “B” in our takeoff equation:

T
A=g| 22 -pnl| =31174) B9 5005 - 665
w 56000

>
[

= %[1/2ps(cbg—pqg> +a

31.174
56000

Then the takeoff ground roll is given by:

In In

1 4 1 6.65

S =
TO 2B

A-BVY 238107 665 - (3.8¢10 ) (168)

= 2314 ft

= 5900 1bs

[1/2 0.002377 (1000) ( 0.0279 - (0.025) (0.3125)) + 0.0422] = 3.80 x 107




Ground Effects

An aircraft acting in the presence of the ground has different aerodynamic properties than
onein up and away flight. The nearness of the ground improves the efficiency of the aircraft. It
does this by reducing the downwash at the wing and hence reducing the induced drag parameter.
There are many different correction factors that have been developed to approximate the effect
on the induced drag parameter, K. Two of these are presented next.

If we know the up and away induced drag parameter in the form:

1
K =
TARe (17)

we can come up with ain-ground-effect induced drag parameter from
K, = oK (18)

where the two approximations of the correction factor ¢ are given by:

2e nh )’
=1-"2"In|l1 +| == 194
b . ( Sh) (19)
or
2
~ b
¢ = > (19b)
1+ ( 16ﬁ)
b
where: h = height of wing above the ground

b = wing span
e = Oswald efficiency factor

The second model isfound in most text books, but is slightly conservative (too large).
In addition to the ground effect on the induced drag parameter, the ground roll

configuration usually has a different value of CDOLthen isusually found in up and away flight.

There has been some empirical equations devel oped to estimate the change in the zero-lift drag
coefficient based on the wing loading and mass of the aircraft. This empirical equation is given
by:



AC, =

DOL

K m -0.215 (20)

where: = wing loading in N/m?

14
S
m = aircraft in kg
and

K =581x10° zero flap deflection
=3.16x 10° full flap deflection

(Sorry, | haven't converted thisto U. S. Customary units!)
Landing Run

The opposite of the takeoff procedure is the landing procedure. Just as in the takeoff, the
landing maneuver consists of two parts:

1. Theterminal glide over a 50 ft obstacle to touchdown

2. The landing ground run

Some calculations include a flare from the landing glide to the touchdown. However, for a
maximum performance landing (short field landing procedure), very little flareis used, and the
aircraft is flown onto the runway. Here we will neglect the flare portion of landing and assume
the aircraft touches down at slightly high speed than it would after flaring.

Landing Ground Run

The equations of motion governing the landing ground run are the same as those for
takeoff. However, the constants A and B can be quite different. Typically the maor contributions
to the differences are:

1. Thrust can be zero or even negative (reverse thrust)

2. The runway rolling friction can be much larger due to braking.

In addition, the boundary conditions on the landing run are different.
1. At the beginning of the ground roll the velocity isthat at touchdown, V
2. At the end of the ground run, the velocity isV, usually zero

Consequently the differential equation of motion that is used to describe the landing run isthe
same as that for takeoff:



Vdv

ds =m (21)
This equation can be integrated without restrictions:
2
S, - 8, = ﬁ In j__—;T;} 22)
If we cometo rest, V,= 0, and we have:
Landing Ground Run Distance
S - ﬁln(l - gVﬁDJ 23)

Timefor Landing Ground Run

We can calculate the time for the landing ground run in a manner similar to that for the
takeoff ground run. Unfortunately the time equation that results depends on the signs of the
constants A and B as we will see. The time equation can be determined from:

dr - dv

= — 24
A - BV? (24)

The form of the resulting integration depends on the signs of the constants A and B. Thuswe
have four possible cases, (some of which are rarely encountered) if welook at all permutations.

Casel,A>0,B>0

V2
L -4 = 1 In VA + VB (25)
2V4B | V4 -VyB},
Case2,A>0,B<0
VZ
t, -t = ! tanl( 4 _—BJ (26)
/A B A Van




Case3,A<0,B>0

V2
t, -t = - ! | v | B (27)
V-4B 4 Vro
Cae4,A<0,B<0
V.
1 VJ/-B - /4|’
L, - In (28)
2J/AB |V{/-B + /-4 Vo

Example

An aircraft weighs 30,000 Ibs, hasawing areaof 750 ft*, anda C, = 2.2. The runway

ax

friction coefficients are, p = 0.02 for rolling, and p, = 0.5 during braking. The touchdown
velocity is V,,, = 1.3V, and braking occurs when the airspeed is V, = 0.8 V,. Additionaly,

stall’

at touchdown speed, % = 8.0.

We need to get the reference speeds:

v o= |— 7 - 30000 - 123.6 fi/sec
12p5C, 172 0.002377) 750 (2.2)

Vp = 13V

stall

= 1,3(123.6) = 160.7 ft/sec, V, = 0.8V, = 0.8(160.7) = 128.56 fi/sec
Before Braking:

T =0, Assume ( probably not agood assumption) C;, = C, @ 13V,
g

c, - . 30000 - 13032
© 12pSV?  1/2(0.002377) (750) (160.7)
p = - 30000 _ 3750 pps
D 8
c, -—2 . 3750 - 0.1629

s 12pSV?  1/2(0.002377) (750) (160.7)*
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We can now compute the constants, A, B:

T
20y =32174 9
W 30

A =
& 000

- 0.02) = -0.6435 ft/sec?

_ 32174
30000

B - VEV [12p5(C, -nC, )+ a [1/2(0.002377) 750 (0.1629 - 0.02 (1.3032)) ]
b4 4

B = 13085 x 10™* 1/ft
We can calculate the distance to the braking velocity, V,,

1
B 2B

-0.6435 - 1.3085x10 ~* (160.7)*
~0.6435 - 1.3085x19 ~* (128.56)*

In

9%}
1l

A-BVp| 10t
4-By:| 2(13089)

1376 ft

After braking we need to recal cul ate the constants A and B.

T,
A = g( V_I(/)' - K| =32174(0 - 0.5) = -16.085 ft/sec
g 32174
B = 7V[1/2pS(CD -uC; )] = [ 1/2 (0.002377) (750) [ 0.1629 - 0.5 (1.3032) ] ]
g g

30000

-4.663x10~* 1/ft

The landing roll after braking is given by:

1

L = = 699.4 ft
2B

In

A-BV?| _ 10" [ -16.085+4.663x10~*(128.56)
A 2 (4.663) ~16.085

Thetotal ground run is given by the sum of the two:

S

total

=8, + 8, = 1376.0 + 699.4 = 2075 ft
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Balanced Field Length

In order for amulti-engined commercial aircraft to takeoff from arunway, the runway
must at least be as long as the balanced field length. The balanced field length is determined by
considering two options available to the pilot if an engine fails. Oneis to continue the takeoff on
the remaining engines to clear the 50 ft (15m) obstacle and establish a takeoff distance, and the
other isto apply the brakes as soon as possible after the engine failure and to bring the aircraft to
ahalt in some distance. If the two distances are the same, that distance is called the balanced
field length. It is determined by:

1. Assuming a speed (and hence a distance along the runway) that the engine failure

OCCurs.

2. Continue the takeoff on the remaining engines and compute the additional distance for
the vehicle to clear a 50 ft obstacle, determining the takeoff distance

3. Starting with the speed assumed in (1), assume two additional seconds go by and then
the engines are shut down and the brakes are applied and the ground roll to stop
calculated.

4. Compare the distance in (2) with that in (3). If the distance to stop is shorter than the
distanceto fly over the 50 ft obstacle, then increase the guess in step (1). If the distanceto
stop is shorter than that required to clear the 50 ft obstacle, then decrease the failure
airspeed in step (1). Continue this procedure until the total takeoff distance and the total
distance to stop are the same. This distance will be the balance field length, and the
associated velocity found is called the critical engine failure speed, and is usually
designated as V.

Effect of Ground Wind

Everyone knows that aircraft takeoff into the wind. Supposedly, this action will shorten
the ground run. That makes some sense since in the limit, if the ground wind were equal to the
takeoff speed the aircraft would not need any distance to takeoff! In dealing with the ground
wind, we must be careful about which speed isimportant when considering Newton’s laws and
acceleration, and which speed isimportant when determining the aerodynamic forces on the
vehicle. To this end, we can define the following speeds:

Vv = true ground speed (of the vehicle)
Vias = trueairspeed (of the vehicle)
Vv = true wind speed (ground wind) = constant

w

Then from the definitions, we have:

Vius = V£V, (29)



Newton’s equation for accel eration can be written as:

av 2
— =4 - BV
a7 748

The key hereisto note that the acceleration is the derivative of the true ground speed, but the
aerodynamic forces depend on the true airspeed, the speed of the air relative to the vehicle. We

can note the following relations from Eq. (29):
V=V, 3%V

TAS w

and further,

dt  dt
since V., = const.

Then the accel eration equation takes the form:

dVTAS 2
— ™S -4 - BV,
dt TAS

The time to takeoff is determined from:

dt — d VT AS

A - B VTAS

with the following boundary conditions:

whent=0, V=%V, ad whent=t,

The distance to takeoff is a little more complicated.

(or some other
specified airspeed)

Using true ground speed, we can write the inertial acceleration with respect to the

ground as:
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av
av.y _ _dt _ Vﬂ=A—BVﬁAS
dt VvV ds ds

dt
If we use Egs. (31) and (32) to remove V from the equation. We get

dv. )
— M5 =4 - BV}, (35)

Vioe ¥V
(TAS+ w) dS

Solving for dS, we get the takeoff ground roll equation:

ds = Vras 4 Vias + V 4 Vias Upper sign for headwind
A-BVE, ' A-BVi Lower sign for tailwind

(36)
If we integrate the above equation, we see that the first term looks like a distance term, and the
second term looks like a time term times the ground wind, and that is indeed the fact. We have
the following results:. (presented for a headwind, upper sign).

Time for Ground Roll In the Presence of a Headwind

1
fy —t, = ——

JAB

B

_ B
tanh 1( -V, i Vi,

~ tanh! (37)

4TS,

If starting from rest, thent, =0,andV,; =0 =V ,q, =% V,,

If proceeding to takeoff, t, = time to takeoff, and V.5, = V1o
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The time and distance equations (for headwind) become:

The equations for landing in a headwind are essentially the same, but likely have different values
(and signs) for A and B. The terminal airspeed is the ground wind speed rather than zero. Hence
for the ground landing run we have:

s=_Lmnm
2B

A4 - BV?
=~ - v (41)
A - BV,
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