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Abstract
The linearized equations of motion for tensegrity structures around arbitrary equilibrium configurations are derived. For certain
tensegrity structures which yield particular equilibrium configurations of practical interest, the linearized models of their dynamics
around these configurations are presented. Evidence which indicates that these equilibria are stable is given and some stiffness and
dynamic properties of these structures are investigated.  2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Since their introduction by Snelson, Fuller and
Emmerich around 1948, tensegrity structures have been
a matter of surprise and fascination. Their ability to
maintain an equilibrium shape under no external force (a
property of tensegrity structures called prestressability),
their flexibility achieved through an ingenious design
which combines rigid elements and elastic tendons, and
their very low weight, aroused the interest of artists,
scientists, and engineers.
Several documents show that patents for tensegrity
structures were applied for, almost simultaneously, by
R.B. Fuller in the US and by D.G. Emmerich in France.
What happened afterwards was a source of controversy
between Snelson, Fuller and Emmerich regarding the
priority of the invention (interested readers are referred
to articles published in the International Journal of Space
Structures 11(1–2), 1996). It should be emphasized that
the structural system described by the three authors is
the same: a simple structure comprising three struts and
nine tendons. The tensegrity concept was later generalized by other researchers [1–7].
Tensegrity structures are lattices that form spatial networks depending on the arrangement of the vertices:
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tower-like structures, layered networks, or crystalline
type networks according to the number of directions they
develop. They consist of a set of soft members (e.g. elastic tendons), and a set of hard members (e.g. bars). A
perspective view of a tensegrity structure composed of
6 bars and 24 tendons is given in Fig. 1. It is apparent
that tensegrity structures are very flexible, being capable
of large displacement; their shape can be easily changed
by modifying the tendons lengths.
In tensegrity structures research, more attention has
been paid so far to the statics of these structures than to
their dynamics. Due to substantial contributions by various researchers [3,8,2,9–15,7,16,17] tensegrity statics
research has reached a certain stage of maturity, whereas
these structures dynamics is still an emerging field. It is
our strong conviction that research in tensegrity structures should focus considerably more on their dynamics
and control. This is so because tensegrity structures are
excellent candidates for controllable structures, with the
actuators and sensors easily embedded in the structures
(for example the tendons can carry both actuating and
sensing functions). Future applications of tensegrity
structures are mostly in the field of controllable structures capable of large motions, which would exploit
these structures flexibility and versatility: deployable
structures, robotic arms, space telescopes, motion simulators, etc. These applications development is not possible without thorough investigation and understanding of
tensegrity structures dynamics.
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Fig. 1.

A tensegrity structure.

Very few articles on tensegrity structures dynamics
have been published so far. Motro [11] presents some
results of a linear dynamics experimental analysis of a
tensegrity structure composed of three bars and nine tendons. The experiment determines the dynamic characteristics of the structure by harmonic excitation of a node
and measurement of the responses of the other nodes.
In another article, Furuya [18] analyzes the vibrational
characteristics of some tensegrity structures using finite
element programs and concludes that the modal frequencies increase as the pretension increases. Murakami
[19–21] uses the Lagrangian and Eulerian approach to
derive the equations of motion of a large class of structures and applies it to some tensegrity structures for
numerical simulations and modal analysis. Recently
Oppenheim and Williams [22] tackled the dynamics of
tensegrity structures analytically. In their article the
dynamics of a tensegrity structure composed of three
bars and six tendons is examined showing that, if only
linear kinetic damping in the tendons is assumed, the
geometric flexibility of the structure leads to a much
slower rate of decay of vibrations than might be
expected. In order to improve the structure’s damping
properties, linear kinetic damping of the angular motion
between structural members in contact is assumed, leading to an exponential rate of decay. In another article by
Oppenheim and Williams [23] these remarks are
reinforced leading to the conclusion that friction in the
rotational joints of the structure is a more important
source of damping than the damping in the tendons.
Sultan [16] derives mathematical models of the non-

linear dynamics for a large class of tensegrity structures.
The resulting equations are second order ordinary differential ones, illustrating an important advantage of these
structures: their behavior can be described accurately
enough by ordinary differential equations, which are
much easier to deal with than partial differential equations, usually used to analyze classical (truss) flexible
structures.
In the area of active control the published literature is
sparse. Djouadi [24] presents a tensegrity antenna for
which a quadratic optimal controller to minimize the
nodal displacements is designed. Sultan [25] simultaneously designs the control system and a tensegrity
structure, showing that the resulting system has better
performance than if the sequential approach (structure
design followed by controller design) is applied. In a
series of articles, Sultan, Corless and Skelton propose
and investigate various applications of tensegrity structures in motion simulators (see Sultan [6,26]),
deployable structures [27], sensors [28], or space telescopes [29].
In this article we present linearized models of the
dynamics of a class of tensegrity structures around reference solutions of the nonlinear equations of motion.
Some particular tensegrity structures are then studied;
the reference solutions are equilibrium ones, previously
investigated by Sultan [7]. Explicit expressions of the
linearized models matrices are given. Using these models, conclusions about some important properties of the
structures investigated (stability of the corresponding
equilibrium configurations, stiffness, etc.) are drawn.
2. Linearized dynamics of tensegrity structures
In the following we present some results on nonlinear
equations of motion of a class of tensegrity structures
derived by Sultan [16] then we present the corresponding
linearized equations of motion.
Consider a tensegrity structure composed of E elastic
and massless tendons and R rigid bodies. The following
mathematical modeling assumptions are made: all constraints on the system are holonomic, scleronomic and
bilateral, the external constraint forces are workless, the
forces exerted on the structure by external force fields
(e.g. gravitational) are neglected, the joints of the system
are affected at most by linear kinetic friction (linear kinetic friction means that the friction forces and torques are
proportional to the relative linear and angular velocities
between the members in contact), the tendons are at most
affected by linear kinetic damping (linear kinetic damping means that the damping force introduced by a tendon
is proportional to the time derivative of its elongation).
Under these assumptions the equations of motion for this
system can be derived as shown by Sultan [16] yielding:
M(q)q̈ ⫹ c(q,q̇) ⫹ A(q)T(q) ⫹ C(q)q̇ ⫹ H(q)F

(1)
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represents the vector of rest-lengths at equilibrium. The
disturbances are denoted by f, Fe being the vector of
external forces and torques at equilibrium.

⫽0
where
앫 q ⫽ [q1…qN]T is the vector of independent generalized coordinates used to describe the structure’s
configuration.
앫 M(q) is the mass matrix.
앫 c(q,q̇) is a vector of quadratic functions in q̇, whose
components can be expressed as:

冘 冘冉
N

ci ⫽

673

N

j ⫽ 1n ⫽ 1

冊

∂Mij 1 ∂Mjn
⫺
q̇ q̇ , i ⫽ 1,…,N.
∂qn 2 ∂qi j n

(2)

A(q)T(q) is the vector of elastic generalized forces
앫
∂lj
, n ⫽ 1,…, N, j ⫽ 1,…,E, Tj and lj
where A[n,j] ⫽
∂qn
being the tension and length, respectively, of tendon j.
앫 C(q)q̇ is a vector of generalized damping forces where
C(q) is the damping matrix (we note that this form
of generalized damping forces is valid only for the
linear kinetic friction and damping assumptions).
앫 H(q)F is a vector of generalized forces due to external
forces and torques where F is the vector of external
forces and torques and H(q) is the disturbance matrix.
The forces and torques included in F are not conservative or damping ones (e.g. they are external
forces acting on the rigid bodies).
We consider that the dynamics of the structure is controlled through tendons. This task can be accomplished
by motors attached, for example, to the rigid bodies.
These motors work as follows. For example, the motor
pulls a tendon and rolls it over a small wheel in such a
way that its active length is shortened: the part of the
tendon which is rolled over the motor wheel no longer
carries force. Hence this control procedure works as if
the rest-length of the tendon would be shortened. Similarly, when the motor reverses its direction of rotation,
a portion of the inactive tendon becomes active, carrying
force; hence the rest-length of the tendon increases. We
call this procedure of tendon control, rest-length control.
Let qe denote an equilibrium solution of Eq. (1), that
is q̈e ⫽ q̇e ⫽ 0. The linearized equations of motion
which describe the approximate dynamics of the structure in the neighborhood of qe are derived using Taylor
series expansion. This yields
Meq̈˜ ⫹ Ceq̇˜ ⫹ Keq̃ ⫹ Beu ⫹ Hef ⫽ 0

3. Two stage SVD tensegrity structures
In the following we present the linearized equations
of motion for a certain class of tensegrity structures,
coined two stage SVD tensegrity structures. These structures have great opportunities for industrial applications
as shown by Sultan [25,27,28]. Their static properties
have been thoroughly investigated by Sultan [7,16].
3.1. Description
A two stage SVD tensegrity structure is composed of
six bars, labeled AijBij, i ⫽ 1,2,3, j ⫽ 1,2, a rigid top
(B12B22B32), a rigid base (A11A21A31), and 18 tendons (see
Figs. 2 and 3). A stage is composed of bars with the
same second index (e.g. A11B11, A21B21, and A31B31
belong to the first stage). The acronym ‘SVD’ comes
from the notation we introduce for the tendons: Bi1Aj2
will be called saddle tendons, Aj1Bi1 and Aj2Bi2 vertical
tendons, and Aj1Ai2 and Bj1Bi2 diagonal tendons respectively.
The assumptions made for the mathematical modeling
of two stage SVD tensegrity structures are: the tendons
are massless, linear elastic, and not-damped (not affected by damping), the base and the top are rigid bodies,
the bars are rigid, axially symmetric, and for each bar
the rotational degree of freedom around the longitudinal
axis of symmetry is neglected. This is a reasonable
assumption if the points of attachment of the bars to the
rigid bodies and to the tendons belong to the axes of
symmetry of the bars, so that no longitudinal torque is
generated, or, if we assume that the thickness of any bar
is negligible. Linear kinetic friction torques (proportional
to the relative angular velocity) act at the six joints
between the base and the rigid top with the bars, being
given by

(3)

where
q̃ ⫽ q⫺qe, u ⫽ l0⫺l0e, f ⫽ F⫺Fe
and Me, Ce, Ke, Be, and He are the mass, damping, stiffness, control, and disturbance matrices, respectively,
evaluated at qe.
The control variables are denoted by u, whereas l0c

Fig. 2. Two stage SVD tensegrity structure.
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tensegrity structures nonlinear and linearized equations
of motion. Thus these equations for two stage SVD tensegrity structures have the form given by Eqs. (1) and
(3) respectively.
The inertial system of reference, b̂1, b̂2, b̂3, is a dextral
set of unit vectors, whose center coincides with the geometric center of triangle A11A21A31. The axis b̂3 is orthogonal to A11A21A31 pointing upward while b̂1 is parallel to
A11A31, pointing towards A31. The top’s dextral reference
frame, t̂1, t̂2, t̂3, is located at the geometric center of triangle B12B22B32, labeled Ot, while t̂3 is orthogonal to
B12B22B32 pointing upward and t̂1 is parallel to B12B32
pointing towards B32. For simplicity it is assumed that
the top reference frame is central principal for the top
rigid body.
The 18 independent generalized coordinates used to
describe the motion of this holonomic system, are: y, f,
q, the Euler angles for a 3 1 2 sequence to characterize
the inertial orientation of the top reference frame, X, Y,
Z, the inertial Cartesian coordinates of the origin of the
top reference frame (Ot), dij and aij, the declination and
the azimuth of the longitudinal axis of symmetry of bar
AijBij, measured with respect to the inertial frame and
defined
as follows: dij is the angle made by vector
J→
AijBij with b̂3 and aij is the angle made by the projection
of this vector onto plane (b̂1, b̂2) with b̂1 (see Fig. 2).
The vector of generalized coordinates is
q ⫽ [d11a11d21a21d31a31d12a12d22a22d32a32 y f q X Y Z]T

(5)

3.2. Reference solutions: prestressable configurations

Fig. 3.

→

Symmetrical prestressable configuration.

→
→
Mfj ⫽ dj(w
a⫺w b), j ⫽ 1,…,6,

(4)

→

where Mfj, is the friction torque exerted by body ‘b’ on
body ‘a’ due to the relative angular motion between bodies ‘a’ and ‘b’ (in our case ‘a’ is the base or the rigid
top and ‘b’ is one of the bars). The scalar djⱕ0 is the
→
coefficient of friction at joint j while w
∗ is the angular
velocity of rigid body ‘*’. We neglect the forces exerted
on the structure by external force fields (e.g.
gravitational). A force and a torque act on the rigid top.
We remark that these assumptions are particular cases
of the modeling assumptions made for the derivation of

In the following we assume that the bars are identical
(their length, mass, and transversal moment of inertia
being respectively labeled as l, m, and J) and that the
base and top triangles are equal equilateral triangles of
side length b.
The reference solution, qe, is a prestressable configuration. A prestressable configuration is an equilibrium one for which all tendons are in tension and which
occurs under no external forces or torques (hence
Fe ⫽ 0). The prestressability problem consists in finding
a prestressable configuration (see Sultan [7]). The particular prestressable configurations we consider here are
coined symmetrical prestressable configurations for
which the tensions in the saddle, vertical, and diagonal
tendons are respectively equal. The geometry of such a
configuration is characterized as follows: all bars have
the same declination, d, the vertical projections of points
Ai2, Bi1, i ⫽ 1,…,3, onto the base make a regular hexagon, and planes A11A21A31 and B12B22B32 are parallel (see
Fig. 3). In addition all saddle tendons have the same
tension, TS, all vertical tendons have the same tension,
TV, all diagonal tendons have the same tension, TD.
We solved the prestressability problem for this class
of configurations (see Sultan [7]) and proved that this
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set can be parameterized by two quantities: the azimuth
of bar A11B11, which we call a, and the common declination of the bars, d, yielding
qe ⫽ [d a d a ⫹
⫹

4p
2p
2p
da⫹ da⫹ dada
3
3
3

(6)

4p 5p
0 0 0 0 2l cos(d)⫺h]T
3 3

where

冦

冉
冉 冊 冑

cos(d)

p
h ⫽ 2 sin(d) cos a ⫹
6

⫺

b
3

⫹p⫹

冪 3 ⫺3p 冊
b2

l cos(d)
2

2

ifa ⫽

p
3
(7)

ifa ⫽

p
3

p
with p ⫽ lsin(d)cos(a ⫹ ). These solutions exist if and
6
only if a and d satisfy the following conditions:
p
p
p
p
⬍ a ⬍ , 0 ⬍ d ⬍ , l sin(d)兩 cos(a ⫹ )兩
6
2
2
6
⬍

(8)

For simplicity we consider that all the damping coefficients have the same value, d⬍0. We also consider that
all saddle tendons are identical, of rest-length S0 and
stiffness kS, that all vertical tendons are identical, of restlength V0 and stiffness kV, that all diagonal tendons are
identical, of rest-length D0 and stiffness kD. Here we
define the stiffness of tendon i, called ki, as the product
between its cross section, Ai, and modulus of elasticity,
Ei (hence ki ⫽ AiEi). In the following Mt denotes the
mass of the rigid top and J1, J2, J3 its principal moments
of inertia with respect to the top reference frame.
3.3.1. Mass, damping, and disturbance matrices
The particular mass, damping, and disturbance matrices (Me, Ce, and He, respectively), are obtained by evaluating the general mass, damping, and disturbance matrices (M(q), C(q), H(q) respectively; see Sultan [16] for
details on these matrices) at qe, where qe has been
expressed in terms of a and d in Eq. (6). This yields:

冤 冥
0 0

(9)

where
Md ⫽ diag([J̃, J̃s2(d), J̃, J̃s2(d), J̃, J̃s2(d), J̃, J̃s2(d),
2

3.3. Linearized equations of motion
The linearized equations of motion around these prestressable configurations are given by Eq. (3):

with

(11)

Here z̃ ⫽ z⫺ze, ze is the vector of tendons lengths at qe,
and Ge is the measurement matrix at qe.

mb2
mb2
mb2
, J̃1 ⫽ J1 ⫹
, J̃2 ⫽ J2 ⫹
, J̃
4
2
2 3

J̃ ⫽ J ⫹

(14)

⫽ J3 ⫹ mb2, M̃ ⫽ Mt ⫹ 3m.
In these formulas we used the following notation:
c(∗) ⫽ cos(∗), s(∗) ⫽ sin(∗). Matrix Ma is


e
p
p




a ⫺

冑3

g 0

(10)

where q̃ ⫽ q⫺qe, u ⫽ l0⫺l0e, f ⫽ F (since Fe ⫽ 0) and
Me, Ce, Ke, Be, He are the mass, damping, stiffness, control, and disturbance matrices, respectively, at qe.
For output feedback control, measurement equations
are also necessary. We consider that the measurements,
z, are the tendons lengths. Through the same linearization procedure, the measurement equations can be written as

(13)

2

J̃, J̃s (d), J̃, J̃s (d),J̃3, J̃1, J̃2, M̃,M̃,M̃])

Detailed expressions of the basis tensions, T0S, T0V, T0D,
are given in Appendix A.

∂li
)(q ).
∂qj e

(12)

0 M 0

This set can be represented in the (a, d, h) space by an
equilibrium surface (see Sultan [7] for details).
We also proved that the tensions are completely
determined up to a multiplicative positive scalar, P,
called the pretension coefficient (see Sultan [7]):

z̃ ⫽ Geq̃, with Ge[i,j] ⫽ (

Ma

T
a

p
3l sin(d)
and sin(a ⫹ ) ⬍
.
6
2b
2冑3

Meq̈˜ ⫹ Ceq̇˜ ⫹ Keq̃ ⫹ Beu ⫹ Hef ⫽ 0

0

Me ⫽ Md ⫹ 0 0

b

[TSTVTD]T ⫽ P[T0ST0VT0D]T
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Ma ⫽

e

c(d)s(a ⫹ )
6

⫺c(d)c(a ⫹ ) s(d)
6

0

p
s(d)c(a ⫹ )
6

p
s(d)s(a ⫹ )
6

0

⫺c(d)c(a)

⫺c(d)s(a)

s(d)

s(d)s(a)

⫺s(d)c(a)

0

p
c(d)s(a ⫹ )
3

s(d)

e
0
ml a 2
3

2
g 0
0

冑

p
⫺e c(d)c(a ⫹ )
a ⫺
3
3

g
where a ⫽

e

冑

0

0

0

p
b
c(d)c(a ⫹ ), e ⫽ s(d), g ⫽ ⫺
3
2
冑3
b

π
s(δ)s(α ⫹ ).
3
冑3
b

p
p
⫺s(d)s(a ⫹ ) s(d)c(a ⫹ )
3
3







(15)
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The damping matrix, Ce, is

冤 冥
0 0

0

Ce ⫽ Cd ⫹ 0 0

(16)

Cd ⫽

(17)

⫺d diag([1,1,1,1,1,1,1,1,1,1,1,1,3,3,3,0,0,0])
and

冤

Ca ⫽ ⫺d

⫺s(a)

⫺1 0
p
c(a⫺ )
6

⫺1 0
0

c(a)

0 0 0

0

0 0 0

p
s(a⫺ )
6

0 0 0

0

0 0 0

p
p
⫺c(a ⫹ ) ⫺s(a ⫹ ) 0 0 0
6
6

⫺1 0

0

0 0 0

The disturbance matrix, He, is
 0 0 ⫺1 0

He ⫽

冋册
0

Ha




⫺1 0
0

, Ha ⫽  0
0

(21)

冘

∂Di ∂Di
∂2Di
kD
(
⫹ (Di⫺D0)
))(q ).
D0i ⫽ 1 ∂qj ∂qn
∂qj∂qn e
6

⫹

where

0

冘

∂2Si
kV
∂Vi ∂Vi
∂2Vi
⫺S0)
)⫹
(
⫹ (Vi⫺V0)
)
∂qj∂qn
V0i ⫽ 1 ∂qj ∂qn
∂qj∂qn
6

Ca

0 CTa 0

0

冘

∂2 U
kS
∂Si ∂Si
)(qe) ⫽ (
(
⫹ (Si
∂qj∂qn
S0i ⫽ 1 ∂qj ∂qn
6

Ke[j,n] ⫽ (

0

0

0

0

0

0

⫺1 0

0

0

0

0

冑3

1
0
⫺ ⫺
2
2

0

0

冑3

0

2

1
⫺ 0
2

冥

Using the expressions for the rest-lengths, S0, V0, D0,
corresponding to a symmetrical prestressable configuration with equal saddle, vertical, and diagonal tendons
tensions respectively, derived by Sultan [7],
S0 ⫽

.

(18)

kSS
kVV
,V ⫽
,
T0SP ⫹ kS 0 T0VP ⫹ kV

D0 ⫽

(22)

kDD
,
T0DP ⫹ kD

we obtain
Ke[j,n] ⫽ kVKV[j,n] ⫹ kSKS[j,n] ⫹ kDKD[j,n]

(23)

⫹ PKP[j,n]
where







冘
冘
冘

1
∂Si ∂Si
(
)(q ),
KS[j,n] ⫽
Si ⫽ 1 ∂qj ∂qn e
6

1
∂Vi ∂Vi
(
)(q ),
Vi ⫽ 1 ∂qj ∂qn e
6

(19)

KV[j,n] ⫽

(24)

1
∂Di ∂Di
(
)(q ).
KD[j,n] ⫽
Di ⫽ 1 ∂qj ∂qn e
6

⫺1 
0 0 0 0 0
for the following distribution of external forces and torques: F ⫽ [M1 M2 M3 F1 F2 F3]T where M∗ / F∗, is the
component along the t̂∗ axis of the external torque/force
acting on the rigid top.

Here P is the pretension coefficient, Si, Vi, Di, i ⫽ 1,…,6,
are the lengths of the saddle, vertical, and diagonal tendons respectively expressed in terms of the generalized
coordinates, q, and S, V, D, the values these functions
take for q ⫽ qe (S, V, D are given in Appendix B). Matrices KS, KV, KD can be written as:

3.3.2. Stiffness matrix
For the derivation of the stiffness matrix, Ke, we consider the potential energy of the structure which, for linear elastic tendons, is

1
1
1
KS ⫽ ASATS, KV ⫽ AVATV, KD ⫽ ADATD
S
V
D

冘
18

冘
冘
6

kS
ki
(li⫺l0i)2 ⫽
(Si⫺S0)2
U⫽
2l
2S
0
0
i
i⫽1
i⫽1

冘
6

(20)

6

kD
kV
(Vi⫺V0)2 ⫹
(D ⫺D0)2.
⫹
2V0i ⫽ 1
2D0i ⫽ 1 i
Since there are no external forces acting on the structure
when it is in equilibrium at qe (Fe ⫽ 0), Ke is just the
Hessian of the potential energy evaluated at qe:

(25)

where, for example,
AS[i,j] ⫽ (

∂Sj
)(q ), j ⫽ 1,…,6, i ⫽ 1,…,18.
∂qi e

(26)

It is important to remark that, since KS, KV, and KD are
expressed as the product of a matrix and its transpose
and a positive number, they are all positive semidefinite
matrices and that the stiffness matrix, Ke, is linear in
pretension and the tendons stiffnesses. Matrices AS, AV,
AD are too complicated to be given here (see Sultan
[16]).
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The elements of matrix KP can be written as:

冘
6

KP[j,n] ⫽ T0S(KS[j,n] ⫹

(

i⫽1

冘
6

⫹ T0V(KV[j,n] ⫹

i⫽1

冘
6

⫹

(

i⫽1

∂2Si
)(q ))
∂qj∂qn e

∂ Vi
)(q )) ⫹ T0D(KD[j,n]
∂qj∂qn e
2

(

(27)

∂2Di
)(q )).
∂qj∂qn e

This yields:

冤

0

KTP3 KTP1

KP ⫽ KPd ⫹ KP3 0

T
P2

K

KP1 KP2 0

冥

.

(28)

See Sultan [16] for detailed expressions of matrices
KPd, KPi, i ⫽ 1,2,3.
3.3.3. Control and measurement matrices
The control matrix can be derived from the potential
energy as
∂2 U
)(q )
Be[i,j] ⫽ (
∂qi∂l0j e

(29)

equal tensions in all saddle, vertical, and diagonal tendons respectively.
The general mass matrix, M(q), was derived along
with the total kinetic energy of the system, Ttot, which
is a quadratic positive definite form in q̇: Ttot ⫽
1 T
q̇ M(q)q̇ (see Sultan [16] for details on Ttot and M(q)).
2
Hence Me, a particular value of M(q), Me ⫽ M(qe), is
positive definite, Me⬎0.
We shall prove directly that Ce is semipositive definite, Ceⱖ0, through successive application of Schur
complements:

冤

⫺dI6 0

Ceⱖ0⇔ 0

where
Cb ⫽

冋

0

冥

1
⫺dI6 Ca ⱖ0⇔Cb ⫹ CTa Caⱖ0
d
CTa
Cb

(34)

册

(35)

⫺3dI3 0

0

0

0

.

Using Ca expression from Eq. (18), Eq. (34) becomes

冋

册

3⫺储w储2 vTw
1
ⱖ0
Cb ⫹ CTa Caⱖ0⇔ T
d
vw
3⫺储v储2

(36)

where

yielding
Be ⫽ [BSBVBD]

(30)

where
(kS ⫹ PT0S)2
BS ⫽ ⫺
AS, BV ⫽
kSS

(31)

(38)

which is the well known Schwartz inequality.
The stiffness matrix is given by
(32)

where Si, Vi, and Di denote the length of the ith saddle,
vertical, and diagonal tendon, respectively, then the
measurement matrix is
∂li
(q )⇒Ge ⫽ [ASAVAD]T.
∂qj e

p
⫺c(a ⫹ )].
6
储v储2储w储2⫺(vTw)2ⱖ0

We remark that Be is quadratic in pretension.
If we assume that the measurement vector is
z ⫽ [S1S2…S6V1V2…V6D1D2…D6]T

p
p
p
v ⫽ [c(a) s(a⫺ ) s(a ⫹ )], w ⫽ [s (a)⫺c(a⫺ ) (37)
6
6
6

Since 3⫺储w储2 ⬎ 0, Eq. (36) is equivalent to

(kD ⫹ PT0D)2
(kV ⫹ PT0V)2
⫺
AV, BD ⫽ ⫺
AD.
kVV
kDD

Ge[i,j] ⫽
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(33)

Hence Ge depends only on the geometry of the structure.
3.4. Stability and stiffness properties
In the following we analyze some stability and stiffness properties of two stage SVD tensegrity structures
yielding symmetrical prestressable configurations with

Ke ⫽ PKP ⫹ kSKS ⫹ kVKV ⫹ kDKD.

(39)

As mentioned before, matrices KS, KV, and KD are
positive semidefinite. Matrix kS KS+kV KV+kD KD is positive definite on all space except for the kernel of [AS AV
AD]T. Numerous numerical experiments indicated that KP
is positive definite at all symmetrical prestressable configurations with equal saddle, vertical, and diagonal tendons tensions respectively. This has been ascertained as
follows: for various values of l, b, a, and d, we computed
the eigenvalues of KP. In all cases these eigenvalues
were strictly greater than 0. For example in Fig. 4 we
give the variation of the minimum eigenvalue of KP with
a and d for l ⫽ 0.4 m and b ⫽ 0.27 m over all the aforementioned prestressable configurations. We ascertain
that this eigenvalue is strictly greater than zero in the
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Fig. 4.

Minimum eigenvalue of KP for two stage SVD.

interior of the equilibrium surface. The only points at
which this eigenvalue is zero are on one boundary of
p
the equilibrium surface, namely for d ⫽ , but these are
2
not feasible prestressable configurations (see Eq. (8):
p
0 ⬍ d ⬍ ).
2
Thus Ke is positive definite: Ke⬎0.
These results yield several important consequences:
앫 Ke ⬎ 0⇒det(Ke) ⫽ 0. Since Ke is the Jacobian of
A(q)T(q) ⫹ H(q)F evaluated at a solution, qe, of
A(q)T(q) ⫹ H(q)F ⫽ 0, by the implicit function theorem, it follows that in the neighborhood of each
element of the class of symmetrical prestressable configurations with equal tensions in the saddle, vertical,
and diagonal tendons respectively, the solution of the
static problem, A(q)T(q) ⫹ H(q)F ⫽ 0, can be
expressed as a single valued function of the external
forces and torques: q ⫽ q(F). Hence the static
response is well determined (no static bifurcation
phenomena are possible).
앫 Me ⬎ 0, Ceⱖ0, and Ke⬎0 imply linearized stability of
each symmetrical prestressable configuration with
equal saddle, vertical, and diagonal tendons tensions
respectively. Actually our numerical experiences indicated that these solutions are asymptotically stable.
This fact has been ascertained by applying the following result: a system described by Eq. (3) and for
which Me ⬎ 0, Ke ⬎ 0, Ceⱖ0 is asymptotically stable
if and only if rank([⍀2Me⫺Ke; Ce]) ⫽ rank(Me) for
every natural frequency, ⍀, defined by det(⍀2Me⫺
Ke) ⫽ 0 and ⍀⬎0. We checked the rank of
[⍀2Me⫺Ke;Ce] for various values of the structure’s
parameters and over the whole class of prestressable
configurations of interest; this rank was always equal
to the rank of Me, N ⫽ 18. An analytical proof of this

fact seems very difficult because of the complicated
structure of Ke. This shows that only with kinetic friction at the joints these prestressable configurations are
asymptotically stable. We remark that this result is
in agreement with the conclusions of Oppenheim and
Williams [22,23] obtained for a simpler tensegrity
structure and using a different mathematical model,
that linear kinetic friction at the joints results in
asymptotically stable equilibria, leading to
exponential rate of decay of perturbed motions and
being more efficient than linear kinetic damping in
the tendons.
앫 KP⬎0 shows that the stiffness matrix, Ke, becomes
more positive definite if P increases (that is if P1⬎P2
then Ke1 ⬎ Ke2 where P1 and P2 are two values of the
pretension coefficient and Ke∗ are the corresponding
stiffness matrices). Hence increasing the pretension
results in a stiffer structure with higher natural frequencies.
3.5. Linear versus nonlinear dynamics
We next present numerical simulations of a two stage
SVD tensegrity structure’s linear and nonlinear dynamics. This will help us evaluate the differences between
the nonlinear and linear models and the influence of pretension upon these differences.
The structure analyzed here is characterized by the
fact that all bars are identical, of length l ⫽ 0.4 m, mass
m ⫽ 0.8 kg, and transversal moment of inertia J ⫽ 1.2
kg m2. The base and top triangles are equal, equilateral
triangles of side length b ⫽ 0.27 m. The coefficients of
friction at all joints are equal, di ⫽ ⫺4, i ⫽ 1,…,6. The
mass of the rigid top is Mt ⫽ 10 kg and its moments of
inertia J1 ⫽ 30 kg m2, J2 ⫽ 40 kg m2, J3 ⫽ 50 kg m2.
The tendons are assumed to have the same stiffness,
ki ⫽ 500 N, i ⫽ 1,%,18.
We consider that the structure is in equilibrium, yielding a symmetrical prestressable configuration for which
the tensions in all saddle, all vertical, and all diagonal
tendons are respectively equal. This configuration is
characterized by:
p
5p
a11 ⫽ a22 ⫽ , a21 ⫽ a32 ⫽ ,
3
3
a31 ⫽ a12 ⫽ p, y ⫽
Z ⫽ 0.3 m,dij ⫽

5p
, f ⫽ q ⫽ X ⫽ Y ⫽ 0,
3

(40)

p
for i ⫽ 1,2,3, j ⫽ 1,2,3.
3

For a given pretension coefficient, P, the rest-lengths of
the tendons which assure this prestressable configuration
can be determined using Eq. (22).
Figs. 5 and 6 represent the responses of the linear and
nonlinear models of the structure to a perturbation in the
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ear models are less significant. Hence the linear approximation is better at high pretension. We also note that the
same differences are more significant at high generalized
velocities. This is so because of the quadratic terms in
generalized velocities which appear in the nonlinear
model, c ⫽ c(q,q̇), but do not appear in the linear model.
We also note that these responses are typical of an
asymptotically stable equilibrium: the motion dies out in
time and settles down to the unperturbed equilibrium
state.
The same conclusions are reached if we consider different initial conditions perturbations and different reference solutions in the class of symmetrical prestressable
configurations with equal tensions in all saddle, all vertical, and all diagonal tendons respectively.
Fig. 5. Initial conditions response for P ⫽ 500: nonlinear (- - -) and
linear models (———).

Fig. 6. Initial conditions response for P ⫽ 2500: nonlinear (- - -) and
linear models (———).

initial conditions. The perturbation consists of a vertical
velocity of the rigid top equal to 2 m s⫺1: Ż(0) ⫽
2 m s⫺1. These graphs represent time histories of three
generalized coordinates (d11, a11, and Z). Fig. 5 corresponds to the case of a pretension coefficient of P ⫽
500, while Fig. 6 corresponds to P ⫽ 2500. The time
histories of the other generalized coordinates and generalized velocities are qualitatively similar. We have also
checked that the tendons are always in tension and that
the bars do not collide with each other throughout the
motion.
These simulations illustrate the differences between
the nonlinear and linear models. We ascertain that the
pretension coefficient increases the frequencies of the
linear response (the higher the pretension coefficient the
higher these frequencies are). We also note that at higher
pretension the differences between the linear and nonlin-

3.6. Dynamic characteristics
In the following we investigate the dynamic characteristics of a two stage SVD tensegrity structure yielding
symmetrical prestressable configurations with equal
saddle, vertical, and diagonal tendons tensions respectively.
Consider a two stage SVD tensegrity structure having
the following geometrical, inertial, and elastic characteristics: l ⫽ 0.4 m, b ⫽ 0.27 m, m ⫽ 0.8 kg, J ⫽ 1.2 kg
m2, Mt ⫽ 10 kg, J1 ⫽ 30 kg m2, J2 ⫽ 40 kg m2, J3 ⫽
50 kg m2, ki ⫽ 500 N, i ⫽ 1,…,18. The pretension is
P ⫽ 500. The natural frequencies of a system whose linearized dynamics is described by Eq. (10) are defined
by the square roots of the eigenvalues of the matrix
M⫺1
e Ke. The variations of the minimum and maximum
natural frequencies of this structure over the whole class
of symmetrical prestressable configurations of interest
are given in Figs. 7 and 8. We ascertain that the dynamic
range (defined as the difference between the maximum
natural frequency and the minimum one) increases for

Fig. 7. Minimum natural frequency for two stage SVD.
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Fig. 8.

Maximum natural frequency for two stage SVD.

Fig. 9.

Minimum modal damping for two stage SVD.

Fig. 10.

Maximum modal damping for two stage SVD.

Fig. 11.

Minimum modal frequency for two stage SVD.

small declination (d) because of the dramatic increase of
the maximum natural frequency.
It is also interesting to evaluate the influence of the
damping and pretension coefficients on the dynamic
characteristics of the structure by plotting the minimum
and maximum modal dampings and the minimum and
maximum modal frequencies of the structure over the
damping and pretension coefficients. Recall that for a
first order linear system whose dynamics is described by
ẋ ⫽ Apx ⫹ Bpu ⫹ Hpf

(41)

the modal dampings and the modal frequencies are
defined by the eigenvalues of the system matrix, Ap: the
absolute value of the real part of an eigenvalue is the
modal damping whereas the absolute value of the
imaginary part is the modal frequency. We can easily
cast our vector second order system given by Eq. (10)
in first order form by introducing the vector of state variables x ⫽ [q̃T q̇˜T]T. Hence
Ap ⫽
Bp ⫽

冋
冋

0

I

⫺M Ke ⫺Me⫺1Ce
⫺1
e

0
⫺M Be
⫺1
e

册

, Hp ⫽

冋

册

0

,

(42)

册

⫺M⫺1
e He

.

Consider a two stage SVD tensegrity structure whose
geometrical, inertial, and elastic characteristics are the
same as before and which yields a symmetrical prestressable configuration for which the tensions in the saddle,
vertical, and diagonal tendons are respectively equal and
p
p
characterized by a ⫽ and d ⫽ . The variations of the
3
3
minimum and maximum modal dampings with the pretension and damping coefficients for this configuration
are given in Figs. 9 and 10 and those of the minimum
and maximum modal frequencies in Figs. 11 and 12
respectively. As expected, the minimum and maximum
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of the mass center of bar Ai2Bi2, i ⫽ 1,2,3, with respect
to the inertial reference frame, the azimuth aij and the
declination dij, which characterize the orientation of bar
AijBij, i ⫽ 1,2,3, j ⫽ 1,2, with respect to the inertial
frame (these angles are defined in the same way as the
declination and azimuth used for two stage SVD tensegrity structures). The vector of generalized coordinates is:
q ⫽ [d11a11d21a21d31a31x12y12z12d12

(43)

a12x22y22z22d22a22x32y32z32d32a32]T.
4.1. Reference solutions

Fig. 12.

Maximum modal frequency for two stage SVD.

modal dampings increase with the damping. It is interesting to remark that, for a given damping coefficient,
at small pretension the maximum modal damping
increases as the pretension decreases. We also remark
that the range of modal damping (defined as the difference between the maximum modal damping and the
minimum one) increases as the damping in the structure
increases. Also the modal dynamic range (defined as the
difference between the maximum modal frequency and
the minimum one) increases with the pretension coefficient.
It is worth mentioning that for some combination of
damping and pretension the minimum modal frequency
is zero (Fig. 11). This means that some modes of the
linear system are pure exponentially decaying ones (of
the type exp(⫺zt), z being the modal damping and t the
time). Also, since the maximum modal damping is
greater than zero for any combination of damping and
pretension in the range under investigation (Fig. 12),
there are always exist oscillatory modes whose envelope
is exponentially decaying (of the type exp(⫺
zt) cos(wt)), w being the modal frequency).

In the following, as in the SVD case, we consider that
all bars have the same length, l, mass, m, and transversal
moment of inertia, J. The reference solutions are symmetrical prestressable configurations for which the tensions in the saddle, vertical, diagonal, and top tendons
are respectively equal. The geometry of these configurations is identical to that of the symmetrical prestressable
configurations of the two stage SVD tensegrity structures
previously investigated. It has been proved by Sultan [7]
that the solution of the prestressability problem for these
configurations is given by:
a11 ⫽ a22 ⫽ a, a21 ⫽ a32 ⫽ a ⫹
⫽ a12 ⫽ a ⫹
⫹

⫺

2p
l
, x ⫽ sin(d) cos(a)
3 12 4

冑3

b
b
l sin(d) sin(a)⫺ , y12 ⫽
4
2
2冑3

冑3
4

l sin(d) cos(a) ⫹

l
sin(d) sin(a), z12
4

3
b l
⫽ l cos(d)⫺h, x22 ⫽ ⫺ sin(d) cos(a), y22
2
2 2
⫽

4. Two stage SVDT tensegrity structures
In the following we analyze another class of tensegrity
structures, coined two stage SVDT. A two stage SVDT
tensegrity structure is obtained from a SVD one if we
replace the top rigid body with tendons connecting the
top nodal points, B12, B22, and B32. These new tendons—
B12B22, B22B32, B32B12—will be called top tendons, hence
the acronym ‘SVDT’ used for these structures.
We make the same modeling assumptions as for two
stage SVD tensegrity structures and we define the inertial reference frame in the same way. The independent
generalized coordinates used to describe this system’s
configuration are the Cartesian coordinates, xi2, yi2, zi2,

4p
,a
3 31

⫽
⫽

(44)

b

3
l
⫺ sin(d) sin(a), z22 ⫽ l cos(d)⫺h, x32
2
2冑3 2

冑3
l
sin(d) cos(a)⫺ l sin(d) sin(a), y32
4
4
冑3
l
b
sin(d) sin(a) ⫹ l sin(d) cos(a)⫺ , z32
4
4
冑3

3
⫽ l cos(d)⫺h, dij ⫽ d, i ⫽ 1,2,3, j ⫽ 1,2,
2
where h is given by the same formula as in the SVD
case (Eq. (7)) and b represents the length of the base
and top triangles side (these triangles are equilateral at
the prestressable configurations considered here). This
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set is identical with the set of symmetrical prestressable
configurations with equal tensions in the saddle, vertical,
and diagonal tendons, respectively, of two stage SVD
tensegrity structures (see Sultan [7] for the proof).
We have also proved that the tensions at these configurations are completely determined up to a multiplicative, positive, scalar (see Sultan [7]):
[TSTVTDTT]T ⫽ P[T0ST0VT0DT0T]T

(45)

where P is the pretension coefficient, TS, TV, TD, TT are
the tensions in the saddle, vertical, diagonal, and top tendons respectively, and T0S, T0V, T0D, T0T are given in
Appendix C.
4.2. Linearized equations of motion
The linearized equations of motion around the aforementioned reference solutions are given by Eq. (3):
Meq̈˜ ⫹ Ceq̇˜ ⫹ Keq̃ ⫹ Beu ⫹ Hef ⫽ 0

(46)

For simplicity, we shall not consider the case of external
disturbances in the following (hence F ⫽ Fe ⫽ f ⫽ 0)
and we shall not be interested in the disturbance matrix,
He. The controls are assumed to be the rest-lengths of
the tendons. As in the SVD case we also consider that
all the damping coefficients have the same value, d⬍0,
all saddle tendons are identical, of rest-length S0 and
stiffness kS, all vertical tendons are identical, of restlength V0 and stiffness kV, all diagonal tendons are identical, of rest-length D0 and stiffness kD, and all top tendons are identical, of rest-length T0 and stiffness kT.
4.2.1. Linearized equations of motion matrices
The mass matrix is diagonal:
Me ⫽ diag([J ⫹
(J ⫹

ml2
ml2
ml2 2
, (J ⫹
)s (d), J ⫹
,
4
4
4

(47)

Fig. 13. Minimum natural frequency for two stage SVDT.

where BS, BV, BD, BT are given by similar formulas as
in the SVD case (see Eq. (31)), hence Be is quadratic
in pretension.
It is important to remark that these results, regarding
the structure of the stiffness and control matrices at prestressable configurations, can be easily generalized to
other tensegrity structures characterized by the modeling
assumptions stated in this article. Namely the stiffness
matrix is linear in the level of pretension and the tendons
stiffnesses whereas the control matrix is quadratic in
pretension.
4.3. Stability properties and dynamic characteristics
It is easy to observe that at these prestressable configurations the mass matrix is positive definite whereas
the damping one is semipositive definite: Me ⬎ 0, Ceⱖ
p
0 (since 0 ⬍ d ⬍ ). It has also been numerically ascer2

ml2
ml2 2
ml2 2
)s (d), J ⫹
, (J ⫹
)s (d),
4
4
4

m,m,m,J,Js2(d),m,m,m,J,Js2(d),m,m,m,J,Js2(d)]).
The damping matrix is also diagonal:
Ce ⫽

(48)

⫺ddiag([1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0])
The stiffness matrix can be derived from the potential
energy as in the SVD case yielding
Ke ⫽ PKP ⫹ kSKS ⫹ kVKV ⫹ kDKD ⫹ kTKT.

(49)

where matrices KP, KS, KV, KD, KT are given by similar
formulas as in the SVD case (see Eqs. (24) and (27)).
Analogously, the control matrix is
Be ⫽ [BSBVBDBT]

(50)

Fig. 14. Maximum natural frequency for two stage SVDT.
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tained (similarly with the SVD case) that KP⬎0. Hence
Ke⬎0, implying, as in the SVD case, stability of these
configurations. Actually all our numerical experiments
indicated that these are asymptotically stable equilibrium configurations.
Figs. 13 and 14 show the variations of the minimum
and maximum natural frequencies with a and d over the
whole class of symmetrical prestressable configurations
with equal tensions in the saddle, vertical, diagonal, and
top tendons respectively for a two stage SVDT tensegrity
structure with the following parameters: l ⫽ 0.4 m,
b ⫽ 0.27 m, m ⫽ 0.8 kg, J ⫽ 1.2 kg m2, P ⫽ 500,
kS ⫽ kV ⫽ kD ⫽ kT ⫽ 500 N. As in the SVD case, we
ascertain how the dynamic range dramatically increases
as d decreases.
The influence of pretension and damping on the same
structure at a symmetrical prestressable configuration
with equal saddle, vertical, diagonal, and top tendons
p
tensions, respectively, characterized by a ⫽ and d ⫽
3
p
is also evaluated. The variations of the minimum and
3
maximum modal dampings with the pretension and
damping coefficients are plotted in Figs. 15 and 16. We
observe that the range of the modal damping increases
with the damping in the structure. The minimum and
maximum modal frequencies variations with the pretension and damping coefficients are given in Figs. 17 and
18. As in the SVD case, the modal dynamic range
increases with the level of pretension. We also remark
that the maximum modal frequency is greater than zero,
leading to the existence of oscillatory modes whose
envelope is exponentially decaying, and that, for some
combination of damping and pretension, the minimum
modal frequency is zero, leading to the existence of pure
exponentially decaying modes (see Figs. 17 and 18).

Fig. 15.

Minimum modal damping for two stage SVDT.

Fig. 16.

Maximum modal damping for two stage SVDT.

Fig. 17. Minimum modal frequency for two stage SVDT.

Fig. 18. Maximum modal frequency for two stage SVDT.
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5. Conclusions
Linear models which describe the approximate
dynamics of tensegrity structures in the neighborhood of
equilibrium reference solutions have been derived. For
two classes of tensegrity structures these equations have
been presented. The reference solutions around which
these linear models are built are prestressable configurations of practical interest. The stiffness matrix at these
configurations is linear in the level of pretension and the
tendons stiffnesses whereas the control matrix is quadratic in pretension. The mass and stiffness matrices are
positive definite and the damping matrix is positive semidefinite. Hence these reference solutions are stable.
Numerical experiences indicated that they are actually
asymptotically stable, showing that only linear kinetic
friction at the rigid to rigid joints is sufficient to assure
asymptotical stability of these configurations. The modal
dynamic range generally increases with the pretension
whereas the modal damping range increases with the
damping.

Appendix A
Two stage SVD tensegrity structures basis tensions are:
[T0ST0VT0D] ⫽

[TrSTrVTrD]

冑6储[T T

(51)

r r r
S V D

T ]储

where

T ⫽
r
V

1

冑3 cos(a ⫹ p6)

冉冉

VTrD 3l
sin(d)⫺1
D 2b

TrS ⫽

冦

冉

冊 冉 冊

r
D

TrD ⫽ 1.

冊

l cos(d)
p
⫺1 sin a⫺ ⫺ cos(a) TrD
h
6

冊

ifa ⫽

p
3

(52)

p
ifa ⫽ ,
3

冊

p
S l cos(d)
⫺1 TrD if a ⫽
D
h
3

T

p
if a ⫽ ,
3

(53)

(54)

Appendix B
Saddle, vertical, and diagonal tendons lengths at symmetrical prestressable configurations:
S

(55)
⫽

冪b

D⫽

冪h

2

2

p
⫹ l2⫺2lb sin(d) sin(a ⫹ ),
6

⫹

(56)

b2
2
⫹ l2⫺ lb sin(d) sin(a)⫺2lh cos(d).
3
3

冑

(57)

Appendix C
Two stage SVDT tensegrity structures basis tensions are:
[T0ST0VT0DT0T] ⫽

[TrSTrVTrDTrT]

(58)

冑6储[T T T 冑0.5T ]储
r r r
S V D

r
T

where TrV, TrS, and TrD are given by Eqs. (52)–(54)
whereas TrT is
TrT ⫽

冦

(59)

冉 冊

p
3l2 sin(d) cos(d) ⫹ 6bh cos a⫺
3

TrD ⫺6lh sin(d)⫺2冑3bl cos(d) sin(a)
6D
冑3h cos a ⫹ p6

冉 冊

TrD 2b2⫺9lb sin(d) ⫹ 9l2 sin2(d)
6D
b

if a ⫽

p
3

p
if a ⫽ .
3
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