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INTRODUCTION

The stability of spinning satellites depends on how energy dissipation is used to

damp perturbations from the desired spin. However, energy dissipation mechanisms

can signi�cantly a�ect the stability conditions for spinning satellites. Whereas an

undamped, spinning rigid body is stable in spins about either a major or minor axis,

the presence of energy dissipation destabilizes a minor-axis spin. Although this result

was known to some researchers [1], it was unexpectedly demonstrated with Explorer

I [2]. Dual-spin satellites were developed to gyroscopically stabilize the intended spin,

even about a minor axis. The dual-spin concept includes a single, axisymmetric rotor,

with the rotor spin-axis aligned with the satellite spin-axis, and a despun or slowly

spinning platform. Researchers often model a dual-spin satellite as a rigid body with

a rotor, called a gyrostat. We refer to gyrostats designed to spin about the minor

axis as prolate, whereas major-axis gyrostats are denoted oblate. The most common

con�guration is prolate, which allows a stable, minor-axis spin.

Much work went into ensuring that prolate dual-spin satellites can be stable even

in the presence of energy dissipation. Approximate energy-sink methods were used to

develop useful stability criteria for the nominal-spin equilibrium state [3, 4, 5]. Other

researchers analyzed the full system of equations including speci�c damping devices

which complicated the stability analysis [5, 6, 7, 8, 9]. In general, the energy-sink

methods provide useful results, but more precise stability conditions are possible by

including speci�c damping devices in the model and analyzing the full system of equa-

tions. Hughes [10] has used both energy sink methods and discrete damper models

to generate stability conditions for rigid bodies and gyrostats. The vast majority of

work has focused on the stability of the nominal spin, whereas few have examined

other possible equilibria.
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Some researchers have studied multiple equilibria for spinning rigid bodies with

energy dissipation [11, 12]. Chinnery and Hall [13] obtained new results on the bi-

furcations in equilibria that occur for a rigid body with a discrete damper situated

in a principal plane and aligned parallel to the nominal spin axis (the major axis).

Hall [14] reviewed the equations of motion for an N -rotor gyrostat with a discrete

damper and the stability conditions for a single-rotor version. In an earlier paper

[15], we obtained some new results on the bifurcations in equilibria that occur for a

gyrostat with a discrete damper situated in a principal plane and aligned parallel to

the nominal spin axis (the major axis). The equilibria and bifurcations considered in

this earlier work were all within a principal plane of the system. The purpose of the

present paper is to present the results of applying numerical continuation to compute

global equilibria in the full state space for a prolate gyrostat with a discrete damping

mechanism. These results are illustrated in a variety of bifurcation diagrams. Also,

Liapunov-Schmidt reduction provides an analytical approach to identify criteria for

avoiding a jump phenomenon.

MODEL AND EQUATIONS OF MOTION

The model we study is shown in Figure 1, consisting of a rigid body, B, containing

a rigid axisymmetric rotor, R, and a mass particle P, which is constrained to move

along a line n̂ �xed in B. A rigid body with damper is denoted B + P while the

gyrostat with damper is B +R + P. The body frame has origin O, and the axes

b̂i are system principal axes when P is in its rest position (x� = 0). The vector n̂

is parallel to b̂1, which is the nominal-spin axis for the spacecraft. The particle is

connected to a linear spring and has linear damping. The rotor spin-axis is in the â

direction, parallel to the b̂1 axis. All vectors and tensors are expressed with respect

to the body frame. This con�guration is a reasonable model for a dual-spin spacecraft
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with a \ball-in-tube" type precession damper. It also can model any spacecraft with

a single momentum wheel and a similar damper [16]. In a more general sense, the

damper properties may be adjusted to model a 
exible appendage attached to the

rigid body.

The equations of motion are developed by Hughes [10] in dimensional form using

a Newton-Euler approach. The system linear and angular momenta are denoted p�

and h� respectively, where the asterisk is used to indicate dimensional quantities.

The linear momentum of the damper mass in the n̂ direction is p�n and the relative

displacement and velocity of the damper mass in the n̂ direction are x� and y�. The

position vector from O to P is r�p = b� + x�n where b� is a vector from O to the

undeformed position of the damper mass. The angular velocity of the body frame with

respect to the inertial frame is !�. The origin of the body frame, point O, has velocity

v�o. The rotor angular momentum component along the rotor axis of symmetry relative

to the platform, is h�s = I�s!
�

s â
4

= h�sâ. The symbol I
�

s denotes the rotor axial moment

of inertia and !�s is the rotor angular speed relative to the platform. The rotor is

subject to axial torque g�a applied by the platform. The absolute axial rotor angular

momentum is h�a = I�s â
T
!
�+h�s = I�s (â

T
!
�+!�s). The mass of the damper particle is

m�

d and the total system mass is m�. The system inertia matrix is J� which depends

on x�. For x� = 0, the moment of inertia is denoted I� = diag(I1; I2; I3). The spring

has sti�ness k� and the damper has damping coeÆcient c�d. The external force and

moment are f� and g�. Using these de�nitions, we present the dimensional equations

of motion in the following section.

Dimensional Equations of Motion
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The equations of motion for the gyrostat with discrete damper are:

_p� = �!��p� + f� (1)

_h� = �!��h� � v�o
�

p� + g� (2)

_p�n = m�

d!
�Tn̂�

h
v�o � (b� + x�n̂)

�

!
�

i
� c�dy

� � k�x� (3)

_h�a = g�a (4)

_x� = y� (5)

The superscript � denotes the skew-symmetric matrix form of a vector [10]. The

system momenta may be expressed in terms of the system velocities as:

p� = m�v�o �m�

dx
�n̂�!� +m�

py
�n̂ (6)

h� = m�

dx
�n̂�v�o + J�!� +m�

dy
�b�

�

n̂ + h�s (7)

p�n = m�

d

�
n̂Tv�o � n̂

Tb�
�

!
� + y�

�
(8)

h�a = I�s â
T
!
� + I�s!

�

s (9)

and the inertia matrix is:

J� = I� +m�

d

h�
2x�b�Tn̂+ x�2

�
1� x�

�
b�n̂T + n̂b�

T
�
� x�2n̂n̂T

i
(10)

where 1 is the identity matrix.

The equations of motion consist of nine ordinary di�erential equations. These

equations are non-dimensionalized prior to any simpli�cation or analysis. Whereas

the dimensional quantities are denoted with an asterisk, the asterisk is dropped for

the equivalent dimensionless quantities.

Dimensionless Equations of Motion

The full equations are made dimensionless by de�ning characteristic length, mass,

and time units. These quantities are used to non-dimensionalize the variables and
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parameters of the problem. Many characteristic quantities are possible, but certain

quantities lead to equations with desirable qualities. We prefer characteristic quanti-

ties that allow satellites with the same dimensional inertia properties to have the same

non-dimensional inertia properties. If we select damper parameters as characteristic

quantities, then the same satellite with two di�erent dampers would have di�erent

non-dimensional inertia properties. We want to avoid this di�erence so we choose

characteristic values without damper parameters.

We select the following characteristic quantities:

Length =
q
trI�=m�

Mass = m�

Time = trI�=h�

These de�nitions produce equations with two notable features: the trace of the di-

mensionless inertia matrix is always one, trI = 1, and the dimensionless angular

momentum vector has unit length, hTh = 1. This latter feature is only true if

g = 0. The resulting dimensionless variables and parameters are denoted as before,

but without the asterisk. Dimensionless damper mass is denoted as " = m�

d=m
�. In

dimensionless form, the equations of motion are:

_p = �!�p+ f (11)

_h = �!�h� v�o p+ g (12)

_ha = ga (13)

_pn = "!T n̂�[vo � (b+ xn̂)�!]� cdy � kx (14)

_x = y (15)

with dimensionless system momenta

p = vo � "xn̂�!+ "yn̂ (16)
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h = J! + "xn̂�vo + "yb�n̂+ Is!sâ (17)

ha = Is(â
T
!+ !s) (18)

pn = "(n̂Tvo � n̂
Tb�! + y) (19)

The dimensionless moment of inertia matrix is

J = I + "
h�
2xbT n̂ + x2

�
1� x(bn̂T + n̂bT )� x2n̂n̂T

i
(20)

In the next section, we reduce the order of the system equations by several sim-

plifying assumptions.

Reduced Order Equations of Motion

We make several assumptions, consistent with the intention of studying the free mo-

tion of the damped gyrostat, which simplify the equations of motion. We assume

f = g = 0 and ga = 0. Thus, p and h have constant magnitude as they are constant

in inertial space. We assume, without loss of generality, that p = 0. Furthermore,

ha is constant, and we treat it as a bifurcation parameter instead of as a dynamic

variable. With these assumptions, we can write the velocity and angular velocity as:

vo = "xn̂�!� "yn̂ (21)

! = K�1m (22)

where

K = I � Isââ
T + "

h
2xbTn̂E � x(bn̂T + n̂bT)� "0x2n̂�n̂�

i

m = h� haâ� "yb�n̂

Here we have de�ned "0 = 1� ".
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Eliminating the velocities from the equations of motion reduces the system to �ve

scalar equations in h, pn, and x:

_h = h�K�1m (23)

_pn = �"mTK�1n̂�
h
(b + "0xn̂)

�

K�1m
i
� cdy � kx (24)

_x = y (25)

where

"y =
pn + "n̂Tb�K�1 (h� haâ)

"0 + "n̂Tb�K�1b�n̂
(26)

These equations are used in the numerical and analytical studies in this paper.

Comments on Equations of Motion

A related problem to the gyrostat with discrete damper (identi�ed as B +R + P)

is the rigid body with discrete damper (identi�ed as B + P). Chinnery and Hall

[13] developed equations of motion for the B + P model, con�gured as the previously

de�ned nominal con�guration but without the rotor. The equations for the B+R+P

case can be reduced to those for the B + P case by the transformation

(ha; I
0

1
) 7! (0; I1) (27)

where I 0
1
= I1� Is. Therefore, results obtained for ha = 0 are applicable to the B+P

case and comparable to results by Chinnery and Hall [13].

The equivalence de�ned by Eq. (27) does not imply the rotor is �xed. It does

imply that the dynamics of the B +R + P system, with ha = 0, are the same as

the B + P system, but for a di�erent inertia matrix. For ha = 0, the rotor velocity

relative to the rigid body is

!s = �â
T
! (28)
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The rotor rotates in an opposite sense relative to the contribution of ! to maintain

the absolute angular momentum of zero, in the absence of any rotor torques. A �xed

rotor is characterized by !s = 0, which also reduces the equations of motion to those

for the B + P model.

Since the system is free of external torques, the system angular momentum is

conserved. In general terms of the state vector, z = (h1; h2; h3; pn; x), a conserved

quantity takes the form,

C(z) = 0

which for conserved angular momentum becomes

h2
1
+ h2

2
+ h2

3
� 1 = 0 (29)

This constraint between the states has the e�ect of a persistent zero eigenvalue in the

system Jacobian matrix. A singular Jacobian a�ects how we can achieve the objective

of characterizing the possible system equilibria using numerical continuation.

Instead of using the conserved quantity to eliminate one of the states, we change

variables to spherical coordinates. The conserved magnitude of the angular momen-

tum vector, denoted as h, forces all possible states to lie on a momentum sphere

of radius h. As such, the three state variables representing the angular momentum

vector, (h1; h2; h3), can be expressed in spherical coordinates, (h; �; �). By converting

the state from (h1; h2; h3; pn; x) to (h; �; �; pn; x), we e�ectively reduce the system to

four �rst-order equations. This reduction is possible because, in terms of these vari-

ables, the conserved quantity itself becomes a state, and _h = 0 by de�nition. We

convert Eqs. (24{25) to the new variables by simply substituting for h. To convert

Eq. (23) to the new variables requires use of a transformation matrix derived from

the spherical coordinate de�nitions. Similar to kinematic expressions for Euler an-

gle rates, no one set of spherical-angle de�nitions is non-singular for the entire state
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space. However, by choosing the transformation appropriately, the singularity can be

placed in an unimportant region of state space. Being aware of the singularity, we

can use an alternate transformation if numerical problems occur when working in re-

gions of state space near the original transformation's singularity. Using the spherical

coordinate representation of the system equations, we use numerical continuation to

explore the possible system equilibria. Before discussing this analysis, we review the

explicit stability conditions for simple spins.

STABILITY OF SIMPLE SPINS

The most useful relative equilibrium condition for this model corresponds to a steady

spin about the b̂1 axis, previously referred to as the nominal spin. For this equi-

librium, the damper is not de
ected and there is no damper momentum in the n̂

direction, (x = pn = 0). After linearizing the reduced, non-dimensional equations

of motion about the state (h; pn; x) = (1; 0; 0; 0; 0), Routh-Hurwitz stability crite-

ria (Hughes, Appendix A [10]) are applied to produce the known linearized stability

conditions [14]:

I 0
1

> �max(I2; I3)� (30)

k > �(b2"2�3)=
h
I 02
1
(I 0
1
+ I3�)

i
(31)

where I 0
1
= I1 � Is and � = ha � 1.

These conditions verify that for ha = 0 and suÆciently large spring sti�ness, steady

spins about the major axis are stable. These results agree with stability conditions

derived for rigid bodies with the same damper mechanism [13]. Non-zero wheel

momentum alters the stability conditions, but qualitatively the results are similar:

for a speci�c damper location and wheel momentum there is a critical spring constant
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below which the equilibrium is unstable. A prolate gyrostat, with I 0
1
< min(I2; I3),

requires suÆcient gyroscopic stabilization for a stable nominal spin.

Steady spins are also possible about the other two axes, b̂2 and b̂3, when ha = 0.

The b̂2-axis spin corresponds to a rigid body with a damper mounted perpendicular

to the spin axis. This con�guration was denoted a nutation damper by Schneider and

Likens, whereas the b̂1-axis spin was denoted a precession damper. Schneider and

Likins found that in general the precession damper was more e�ective in damping

energy per unit damper mass [16].

For the b̂3-axis spin, the Routh-Hurwitz analysis produces the following stability

conditions:

I3 > max(I 0
1
; I2) (32)

k >
b2"2 + ""0(I3 � I 0

1
)

I3
2(I3 � I 01)

(33)

As with the b̂1-axis spin, the damper must be suÆciently sti� for a stable major-axis

spin.

Possible b̂2-axis spins may have either zero or non-zero damper de
ection. We

consider the b̂2-axis spin, with ha = x = 0. However, the Routh-Hurwitz analysis

is inconclusive, so the stability conditions are determined with a Liapunov stability

analysis.

Liapunov Stability of b̂2-Axis Spin

A likely candidate Liapunov function is the system total mechanical energy, or V =

T + U . As described by Hughes, the potential energy of the system is [10]

U =
1

2
kx2 (34)
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and the kinetic energy is expressed as

T =
1

2
�
TM� (35)

where

� =

2
6664
vo
!

y

!s

3
7775 (36)

and

M =

2
66664

1 �"xn̂� "n̂ 0

"xn̂� I "b�n̂ Isâ

"n̂T �"n̂Tb� " 0

0T Isâ
T 0 Is

3
77775 (37)

To consider the stability locally, near a speci�c equilibrium state, we translate the

state to perturbed coordinates referenced to the equilibrium state:

� = z� ze (38)

We e�ectively translate the equilibrium state to the origin and apply the Liapunov

stability theorem [17]. For simplicity, the notation for individual states remains un-

changed, although they have been displaced by the equilibrium values.

We substitute for !, !s, and vo and express the total energy in terms of the state

variables (h; pn; x). For this to be a valid Liapunov function, it must be a positive

de�nite function and _V < 0. There are issues with both of these requirements. First,

the energy dissipation rate is simply the energy dissipated in the damper,

_V = �cd _x
2 (39)

Therefore, _V is only semi-de�nite, but as with many systems using an energy-based

Liapunov function, LaSalle's Theorem provides a means to overcome this shortcoming

and demonstrate asymptotic stability [17]. In this case, the set of equilibria is the

smallest invariant set such that _V = 0. Trajectories can not satisfy _V = 0 other
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than at equilibrium points. So LaSalle's Theorem is applied and the conditions for

asymptotic stability of the equilibrium points become merely those for V to be positive

de�nite.

The total energy is positive semi-de�nite. Continuous sets of equilibria exist, each

corresponding to a speci�c value of the conserved quantity, h. Selecting a particular

h restricts the possible equilibria to a �nite set, and subsequent equilibria may be

local minima of V . Therefore, the total energy may correspond to a positive de�nite

Liapunov function in a constrained sense.

With the conserved quantity, the equilibria become constrained extremum of the

Liapunov function. To derive useful stability criteria we use a constrained-minimum

method described by Beck and Hall [18]. The conserved quantity a�ects the selection

of the Liapunov function itself as well as the necessary and suÆcient conditions for

the Liapunov function to be a minimum. For a speci�c value of h, only certain values

of � are feasible, all satisfying the constraint C(�) = hTh � 1 = 0. Therefore, the

candidate Liapunov function is augmented to include a conserved quantity term,

V =
1

2
�
TM�+

1

2
kx2 + �(hTh� 1) (40)

where � is a Lagrange multiplier. The form of this equation is similar to the varia-

tional Lagrangian function used in nonlinearly constrained optimization theory [19].

The function is described as variational to distinguish it from the Lagrangian function

commonly used in mechanics. We must examine more closely the requirements for

the Liapunov function to be positive de�nite. It is useful to consider the Taylor series

expansion for a quadratic Liapunov function about an equilibrium point,

V (0 + Æ�) = V (0) +

"
@V

@�

#
T

Æ�+ Æ�T
"
@2V

@�2

#
Æ� (41)

For V to be positive de�nite, V must be a minimum at the origin. We introduce the
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de�nitions for the gradient and Hessian of the Liapunov function,

g =

"
@V

@�

#
�=0

and

H =

"
@2V

@�2

#
�=0

However, not all possible Æ� in state space are feasible. Rather, perturbations from

the equilibrium are constrained such that locally Æ� must be tangent to the conserved

quantity surface, and therefore perpendicular to rC(�), that is

Æ�TrC = 0

We de�ne P as an orthogonal projection matrix, projecting Æ� onto the perpendicular

subspace ofrC. We �nd this projection by �rst de�ningK
4

= rC(�) and lettingQ(�)

be a rank-one projection ontoK. The rank-one projection operator is (see Strang [20],

Ch. 3),

Q(�) =
KKT

KTK
(42)

Then the desired projection matrix is

P = 1�Q (43)

We de�ne Z as a matrix whose columns form a basis for the subspace orthogonal to

rC, which is the same as the range space of P . Possible state perturbations are in the

range space of Z. The arbitrary perturbation, Æ� is replaced using the relationship

Æ� = ZÆ�, where Æ� is an arbitrary vector with dimension equal to the rank of Z.

The �rst-order necessary condition for an extremum involves the projected gradient,

g(�)TZ = 0 (44)

We solve Eq. (44) to determine the Lagrange multiplier, �, in terms of the system

parameters for each equilibrium state, thereby determining the Liapunov function.
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The second-order suÆcient condition for V to be a minimum is

Æ�TZTHZÆ� > 0

and therefore the projected Hessian must be positive de�nite:

ZTHZ > 0 (45)

We use the projected Hessian of the variational-Lagrangian Liapunov function,

Eq. (40), to determine the stability of the b̂2-axis spin with x = 0. To determine

the projected gradient and Hessian, we �rst calculate the projection matrix from

the gradient of the conserved quantity. The perturbed coordinates, near the state

ze = (0; 1; 0; b"=I2; 0), are � = (h1; 1� h2; h3; b"=I2 � pn; x). The projection matrix is

calculated from Eqs. (42){ (43), where h is the magnitude of the angular momentum

vector. From the range space of P , we calculate the matrix

Z =
1

h

2
6666664

(1� h2)
2 + h2

3
�h1h3 0 0

�h1(1� h2) �(1� h2)h3 0 0

�h1h3 h2
1
+ (1� h2)

2 0 0

0 0 h 0

0 0 0 h

3
7777775

(46)

The �rst-order necessary condition, at this equilibrium point, is

g(�)T = 0

and yields the Lagrange multiplier,

� = �1=(2I2)

Since the conditions of LaSalle's Theorem are met, the conditions for asymptotic

stability of the equilibria then become the conditions for the projected Hessian to be

positive de�nite. For the b̂2-axis spin, with zero damper displacement, the projected

Hessian becomes2
6664
(I2 � I 0

1
)=I 0

1
I2 0 0 0

0 (I2 � I3)=I2I3 0 0

0 0 I2I
0

2
="I 0

2

2
0

0 0 0 (kI2
2
� ""0)=I2

2

3
7775 (47)
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This diagonal matrix is positive de�nite if all the diagonal entries are positive. The

stability conditions are therefore

I2 > max (I 0
1
; I3) (48)

k >
""0

I22
(49)

The resulting stability conditions are

I2 > max (I 0
1
; I3) (50)

k > ""0=I2
2

(51)

Stability Conclusions

For each of the simple spins considered a major-axis rule applies. Without gyroscopic

stabilization, the spins are only stable about a major axis. The advantage of including

the damper in the model is revealed by the additional requirement: the spring must

be suÆciently sti� to ensure a stable spin. As pointed out by Hughes, using only an

energy sink approximation for damping leads to a major-axis rule, but including the

damper in the model provides more precise stability conditions [10].

As I 0
1
is the critical moment of inertia about the b̂1 axis for stability purposes,

we make our de�nitions for prolate and oblate more precise by de�ning a gyrostat

with I 0
1
< min(I2; I3) as prolate, and a gyrostat with I 0

1
> max(I2; I3) as oblate. In

the subsequent section, we examine possible bifurcations of equilibria for a prolate

gyrostat.

BIFURCATIONS OF EQUILIBRIA

Equilibrium values of h, ha, pn and x are found by setting Eqs. (23{25) equal to zero

and solving the resulting algebraic equations. By linearizing these equations about
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the equilibrium point, the local stability of the equilibrium is found by examining

the eigenvalues of the resulting Jacobian. Multiple equilibrium solutions often ex-

ist for the same values of the system parameters. Changing key system parameters,

such as b, k or ha may produce signi�cantly di�erent equilibria. Plotting equilibrium

points while varying a system parameter generates a bifurcation diagram. Critical

equilibrium points may exist where the number of equilibria changes, or bifurcates.

Bifurcations are often classi�ed by the structure of the bifurcation diagram near these

bifurcation points. Many references exist on bifurcation classi�cation and theory, in-

cluding Guckenheimer and Holmes [21] and Seydel [22]. To investigate the possible

equilibrium motions we start from a known equilibrium point and generate bifurca-

tion diagrams numerically using the AUTO [23] continuation program. The process is

complicated by the conserved angular momentum which produces a zero eigenvalue in

the Jacobian at all equilibrium points. Using the spherical coordinate representation

of the system equations, we use numerical continuation to generate bifurcation dia-

grams. The equilibria are converted back to the original states, z = (h1; h2; h3; pn; x),

and plotted to create bifurcation diagrams.

Another useful graphical representation is to plot the equilibria in (h1; h2; h3)

momentum space. With the conserved angular momentum, all equilibria lie on the

momentum sphere of radius h = 1. Examining Eq. (23), we �nd that at equilibrium,

the angular momentum and velocity vectors are parallel. Therefore, the equilibria on

the momentum sphere identify the direction in the body frame of possible equilibrium

spin axes.

We examine the e�ects of inertia properties and spring sti�ness on equilibria us-

ing several examples, the �rst being a prolate gyrostat with I2 < I3. The system

parameters are: I = diag(0:28; 0:32; 0:40), Is = 0:04, " = 0:1, cd = 0:1, b = 0:5,
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and k = 0:4. We apply numerical continuation to this system while allowing rotor

momentum, ha to vary as the bifurcation parameter. The equilibria for this example

are displayed on the momentum sphere and in bifurcation diagrams in Figure 2. For

all these diagrams, solid lines represent stable equilibria, and dashed lines indicate

unstable equilibria. The nominal spin state is a single point on the top of the mo-

mentum sphere, at h = (1; 0; 0). Additional branches of equilibria bifurcate from

this nominal spin condition into the b̂1{b̂2 and b̂1{b̂3 planes, as seen in Figure 2(a).

Equilibria also bifurcate from the b̂1{b̂2 plane, forming branches that do not lie in

any body-frame plane. The branches do not actually intersect at h = (0; 1; 0) because

the equilibria di�er in the remaining damper states. The only stable equilibria are

certain nominal spins and some equilibria within the b̂1{b̂3 plane.

Figure 2(b) shows the h1{ha bifurcation diagram of branches in the b̂1{b̂3 plane.

Figure 2(c) is the complete bifurcation diagram, including the branches in the b̂1{b̂2

plane and out of plane. The nominal spin equilibria, with h1 = +1, is clearly seen

in these bifurcation diagrams for varying ha. The stability changes from unstable to

stable as ha increases past the threshold de�ned by the stability condition, Eq. (31).

Figures 2(d) and 2(e) show the h3{ha bifurcation diagrams. In these latter diagrams,

the nominal-spin bifurcation points are pitchfork bifurcations. Also, the dash-dot

lines indicate the existence of stable and unstable branches for the same value of

variable and bifurcation parameter. In this example, the h3 = 0 axis includes both

branches of b̂1-axis spins, h = (�1; 0; 0).

The stability conditions for the nominal spin de�ne the bifurcation points where

new branches emanate from the branches of nominal-spin equilibria. In general,

the stability conditions de�ne points where eigenvalues of the system Jacobian cross

the imaginary axis. At such points, the Jacobian is singular and may indicate a
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bifurcation point. Equation (30) depends only on I, Is and ha, and de�nes the

bifurcation value of ha for branches bifurcating into the b̂1{b̂2 plane. Equation (31)

depends on I, Is, ha and the damper parameters k, b, and ". For given inertia

properties and damper parameters, the stability threshold de�nes the bifurcation

value of ha for branches bifurcating into the b̂1{b̂2 plane.

For prolate gyrostats with I2 > I3, the equilibria and their stability are signi�-

cantly di�erent from the I3 > I2 case shown in Figure 2. Figure 3 shows the equilibria

and bifurcation diagrams for a system with the same parameters as Figure 2, but with

I = diag(0:28; 0:40; 0:32). Changing the major axis has important stability implica-

tions. The b̂1{b̂3 plane equilibria are all unstable with the exception of nominal spins

with suÆcient rotor momentum, as seen in Figure 3(b). Some stable and unstable

equilibria occur in the b̂1{b̂2 plane. The bifurcation point within the b̂1{b̂2 plane has

stable pitchfork branches that bifurcate out of plane, as seen in Figures 3(a) and 3(c).

These stable, out-of-plane equilibria are interesting possible trap states for gyrostats

with free-spinning rotors when perturbed from the intended spin.

We next consider the e�ects of varying spring sti�ness, focusing on the I3 > I2

version of a prolate gyrostat. Decreasing k a�ects the global equilibria, as shown in

Figure 4. Out-of-plane equilibria become more pronounced, with larger h3 magnitude,

and approach the b̂1{b̂3 plane, as shown in Figure 4(c). For some value of spring

sti�ness, 0:08 < k < 0:10, the out-of-plane equilibria branches intersect the b̂1{b̂3

plane equilibria in a bifurcation point. For k = 0:08, these branches of equilibria sep-

arate into distinct branches that both intersect b̂1{b̂3 plane equilibria at bifurcation

points. We do not have an explicit expression for these equilibria, so we are limited

to studying this transition numerically.

Another important change occurs for 0:08 < k < 0:10. For k = 0:1, the nominal-
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spin bifurcation into the b̂1{b̂3 plane is a subcritical pitchfork with stable branches

emanating from the nominal-spin branch of equilibria. For k = 0:08, the pitchfork

is supercritical with unstable branches, producing a possible jump phenomenon. If

a satellite is in a stable nominal spin and ha decreases, it will reach the stability

threshold, lose stability, and transition to another stable equilibrium state. For the

subcritical pitchfork, the adjacent stable branch of equilibria should allow a smooth

transition to the neighboring equilibrium state. For the supercritical pitchfork, there

is no adjacent stable equilibrium and the system jumps to another stable state. This

jump could be a substantial perturbation to the system dynamics. It is desirable to

avoid such a jump, thus we seek to analytically determine the conditions for the de-

generate pitchfork that marks the threshold between the subcritical and supercritical

pitchforks. In the next section we use Liapunov-Schmidt reduction to determine an

explicit relationship for the occurrence of the degenerate pitchfork.

BIFURCATIONS IN PARAMETER SPACE

In this section we apply Liapunov-Schmidt reduction to analytically determine con-

ditions for the degenerate pitchfork bifurcation of the nominal spin. Complete details

of these calculations are presented by Sandfry [24].

The basic idea of Liapunov-Schmidt reduction is to reduce an n-dimensional prob-

lem,

f(z; �) = 0 (52)

with multiple solutions to an equivalent single scalar equation. The n-dimensional f

is a function of the state vector z and a scalar parameter �. Under the assumption of

a minimally degenerate case, that is, a Jacobian of rank n� 1 at bifurcation points,

the solutions of the full system, Eq. (52), may be put in one-to-one correspondence

20



with solutions of a scalar equation

g(u; �) = 0 (53)

The scalar function g(u; �) is de�ned implicitly, but rarely is it possible to determine

an explicit equation for g(u; �). However, expressions for derivatives of g(u; �) at the

singularity are possible.

Some distinguishing feature of the reduced function derivatives must be exploited

to make use of the reduction. The qualitative properties of the local bifurcation of

the full equations are equivalent to the scalar normal form for a pitchfork bifurcation

h(u; �) = �u� u3 = 0 (54)

with the � corresponding to a subcritical or supercritical pitchfork. Equivalence of

the functions g and h is demonstrated, as shown by Golubitsky and Schae�er [25],

when g(u; �) at the bifurcation point satis�es

g = gu = guu = g� = 0 (55)

and
g�u > 0

guuu

(
> 0 subcritical

< 0 supercritical

with the latter inequality depending on the � sign in Eq. (54).

We are interested in �nding conditions on the parameters for the transition point

between subcritical and supercritical pitchforks. This is equivalent to �nding where

the sign on guuu or g�u changes sign. Therefore, we can use Liapunov-Schmidt to

determine expressions for the partial derivatives of g(u; �) and check the conditions

on its derivatives.
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To derive the necessary partial derivatives, we �rst reformulate Eqs. (23{25) by

translating the nominal bifurcation point to the origin, such that

f(z; �) = f(0; 0) = 0 (56)

is a bifurcation point when k takes the bifurcation value, k = �b2"2�3=
h
I 0
1

2
(I 0
1
+ I3�)

i
,

given in Eq. (31). Several matrices and vectors are needed for the calculations. In

state-parameter space, the Jacobian of f at the bifurcation point is

A =

2
64
�I 0

1
� I3� 0 b"�

b"�I 0
1
I3 0 �b2"2�2I 0

1
I3= (I

0

1
+ I3�)

0 �2 0

3
75 (57)

The null space of A is spanned by the vector

nA =

"
b"�

I 01 + I3�
; 0; 1

#
(58)

The range space of A is spanned by the two vectors

r1 =

"
1;
�b"I 0

1
I3�

I 01 + I3�
; 0

#
(59)

r2 = [0; 0; 1] (60)

The projection matrix onto R(A) is

E =
1

d1

2
64

(I 0
1
+ I3�)

2
�b"�I 0

1
I3 (I

0

1
+ I3�) 0

�b"�I 0
1
I3 (I

0

1
+ I3�) (b"�I 0

1
I3)

2
0

0 0 D3

3
75 (61)

where

d1 = (I 0
1
+ I3�)

2
+ (b"�I 0

1
I3)

2

We use two decompositions of R3,

R3 = N (A)�M (62)

R3 = R(A)�N (63)
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where N (A) is the null space of A, R(A) is the range space of A, and M and N are

the vector space complements to N (A) and R(A), respectively. The subspace N is

spanned by the vector

nR = [b"�I 0
1
I3; I

0

1
+ I3�; 0] ; (64)

The subspace M is spanned by the two vectors

m1 = [�I 0
1
� I3�; 0; b"�] (65)

m2 = [0; 1; 0] (66)

Note that M and N are not unique, but we have selected orthogonal subspaces for

convenience. Although A is singular, there is a non-singular transformation that

transforms the column space of A back to the row space of A. It is similar to the

pseudoinverse of a full-rank rectangular matrix in this regard [20]. We denote this

transformation A�1 given by

A�1 =
1

d2

2
64
� (I 0

1
+ I3�)

3
b"�I 0

1
I3 (I

0

1
+ I3�)

2
0

0 0 �D4=2

b"� (I 0
1
+ I3�)

2
�b2"2�2I 0

1
I3 (I

0

1
+ I3�) 0

3
75 (67)

where

d2 =
h
(I 0
1
+ I3�)

2
+ (b"�)

2
i h
(I 0
1
+ I3�)

2
+ (b"�I 0

1
I3)

2
i

(68)

Partial derivatives of g(u; �) are determined by successive application of the chain

rule. Using the notation of Golubitsky and Schae�er [25], the formulas for the higher-

order derivatives of g are

gu = 0 (69)

guu = hnR; d
2f(nA;nA)i (70)

guuu = hnR; d
3f(nA;nA;nA)� 3d2f(nA; A

�1E d2f(nA;nA))i (71)

g� = hnR; f�i (72)

g�u = hnR; df� � nA � d2f(nA; A
�1Ef�)i (73)
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where the additional derivatives of f(z; �) are denoted d2f , d3f , f�, and df�. These

additional derivatives are all evaluated at (0; 0). Note that d2f and d3f are third- and

fourth-rank tensors, respectively.

We therefore determine the derivatives of g(u; �) using Liapunov-Schmidt reduc-

tion, and verify that at the bifurcation point

g = gu = guu = g� = 0

The higher derivatives are

g�u =
�2b"2I2

3
�3

I 01 + I3�
(74)

guuu =
�3b2"3I2

3
�4

h
�4"0I 0

1
(I 0
1
+ I3�)

2
+ b2"

h
(3I 0

1
+ 2I3�)

2
+ 9I 02

1
�
ii

I 01 (I
0

1 + I3�)
2

(75)

Examining Eq. (31), we determine that a pitchfork bifurcation only occurs for

�I 0
1
=I3 < � < 0 (76)

For this range of rotor momentum, g�u > 0 and does not change sign. Therefore, the

degenerate pitchfork is de�ned by the condition, guuu = 0, which requires

�4"0I 0
1
(I 0
1
+ I3�)

2
+ b2"

h
(3I 0

1
+ 2I3�)

2
+ 9I 02

1
�
i
= 0 (77)

which can be put in the quadratic form

a1�
2 + a2�+ a3 = 0 (78)

where

a1 = 4I2
3

�
b2"� "0I 0

1

�

a2 = b2"I 0
1
(I 0
1
+ 12I3)� 8"0I 0

1

2
I3

a3 = I 0
1

2
�
9b2"� 4"0I 0

1

�

24



A degenerate pitchfork exists when Eq. (77) yields real values of �, which occurs when

a2
2 � 4a1a3 > 0. Substituting and simplifying produces the following condition for

the existence of a degenerate pitchfork:

b2 >
16"0I3 (I

0

1
� I3)

" (I 01 + 24I3)
(79)

For a prolate gyrostat, I 0
1
< I3, so the degenerate pitchfork always exists.

Solving Eq. (77) for � yields two distinct values of ha, which indicates two possible

degenerate pitchfork bifurcations. To �nd the corresponding values of k, we use

Eq. (31) with Eq. (77) to determine the critical spring sti�ness for a degenerate

pitchfork:

kcr(�) =
�4""0�3 (I 0

1
+ I3�)

I 01

h
I 021 �+ (3I 01 + 2I3�)

2
i (80)

We apply these results to analytically determine the degenerate pitchfork con-

dition for the prolate gyrostat with I = diag(0:28; 0:32; 0:40), Is = 0:04, " = 0:1,

cd = 0:1 and b = 0:5. These are the same properties of the gyrostats of Figure 4, and

we seek the critical spring sti�ness for the degenerate pitchfork and the onset of the

jump phenomenon.

Solving Eq. (77) for the two values of ha, we use Eq. (31) to determine the cor-

responding values of spring sti�ness, k = 0:0900005 and k = �0:757886. There is

only one feasible degenerate pitchfork, with k > 0. However, other examples may

have two distinct degenerate pitchforks. In such cases, closer examination of the cor-

responding bifurcations is necessary to determine the range of k to avoid the jump

phenomenon. For the current example, k > 0:090005 produces subcritical pitchfork

bifurcations of the nominal spin, avoiding the jump phenomenon. This critical value

of k agrees with Figures 4(d) and 4(f), which bracket the degenerate pitchfork between

0:08 < kcr < 0:1.
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The complete picture in k{ha parameter space is given by Figure 5. The existence

of the pitchfork bifurcation is determined by Eq. (76). Equation (31) determines

the set of possible nominal-spin pitchfork bifurcation points. The branch of turning

points near the bifurcation points, for k < kcr, coalesces into the branch of nominal-

spin pitchfork bifurcation points at the degenerate pitchfork point.

CONCLUSIONS

The equilibria of a torque-free, prolate gyrostat with a discrete damping mechanism

are characterized using analytical stability methods, numerical continuation, and an-

alytical bifurcation techniques. The equations of motion admit steady spins about

the undeformed principal axes, and stability characteristics of these equilibria are

determined using both linear and nonlinear stability analysis. State values corre-

sponding to other non-principal axis steady spins are found through application of

numerical continuation techniques to the equations of motion, and stability of these

equilibria is characterized using both linear and nonlinear techniques. Stable spins

may occur with the spin axis pointing in a wide variety of directions, including di-

rections not in any principal plane of the undeformed system. Multiple equilibria,

including multiple stable equilibria, may exist for a given value of rotor momentum,

and the structure of global equilibria is a�ected by changing inertia properties or

damper parameters. Multiple stable equilibria near the nominal spin state may ex-

hibit a jump phenomenon, and Liapunov-Schmidt reduction of the system equations

at this bifurcation point provides a method of determining conditions on the system

parameters for avoiding the jump. Bifurcation diagrams in the parameter space of

rotor momentum and spring sti�ness capture the fundamental properties of the nomi-

nal spin about the rotor axis, including three di�erent types of pitchfork bifurcations,

and families of turning point bifurcations.
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Figure 1: Single-rotor axial gyrostat with aligned discrete damper
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Figure 2: Equilibria for prolate gyrostat with I2 < I3, k = 0:4
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Figure 3: Equilibria for prolate gyrostat with I2 > I3, k = 0:4
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Figure 4: Equilibria for prolate gyrostat (I3 > I2) for decreasing k
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Figure 5: Nominal-spin bifurcations in k{ha parameter space
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