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Abstract

The stability of motion of attitude maneuvers of a torque-free rigid gyrostat with a discrete damper

is investigated. The equations of motion are presented and non-dimensionalized, then rewritten as

a singularly perturbed, noncanonical, Hamiltonian system. Conditions for equilibrium motions and

for their stability are developed. Bifurcation diagrams are used to illustrate the stable and unstable

branches of steady spins, and these bifurcation diagrams are interpreted in the slow state space

of the rotor momenta and the unperturbed system Hamiltonian. Numerical integration is used to

compute representative momentum transfer trajectories, which are also interpreted as projections

onto the slow state space. We are especially interested in identifying regions of phase space through

which momentum transfer maneuvers might reasonably be expected to succeed, but which are

destabilized by the presence of the damping mechanism.

Introduction

Asymptotic stability of steady spins of satellites depends on the effective use of energy dissipation

to damp out coning motions caused by perturbing torques. It is also important to consider the

effects of energy dissipation on the stability of motion during large-angle rotational maneuvers.

A thorough investigation of the stability of steady spins of rigid bodies and of rigid gyrostats in-

cluding “energy sinks” and discrete dampers is presented by Hughes.1 A recent paper by Changet

1Presented as Paper 97-0107 at the 35th Aerospace Sciences Meeting, Reno, NV, January 6-10, 1997. This paper
is declared a work of the U.S. Government and is not subject to copyright protection in the United States.

2Assistant Professor of Aerospace Engineering. Associate Fellow AIAA.
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al.2 gives an excellent overview of the types of damper mechanisms used in spacecraft, with ref-

erences to papers on the various types. In an earlier paper,3 we obtained some new results on the

bifurcations in stability that occur for a rigid body with a discrete damper situated in a principal

plane and aligned parallel to the nominal spin axis (the major axis). The purpose of the present

paper is to present the results of applying similar analyses to the motion of a rigid body containing

several flywheels that are used to absorb perturbing torques (i.e., reaction wheels) or to reorient

the platform (i.e., momentum wheels). The study of the rotational maneuvers of spacecraft with a

single rotor has received much attention in the literature, with important results given in Refs. 4–7

and 8. The effects of a torsionally flexible appendage were included in Ref. 9. For multiple rotors,

there are fewer results, but some work has been published in Refs. 6,10, and 11. In this paper, the

momentum transfer analyses developed in Refs. 12, 13, and 14 are extended to include the effects

of the discrete damper.

Model and Equations of Motion

The model we study is shown in Fig. 1, consisting of a rigid body,B, containingN rigid axisym-

metric rotors,Rj, and a mass particleP, which is constrained to move along a line~n fixed inB.

The particle is connected to a linear spring and a liner dashpot damper. The reference axes~bi are

fixed in the body, but are not necessarily the system principal axes whenP is in its rest position

(x� = 0). All vectors and tensors are expressed with respect to the body frame. This is a reason-

able model for a spacecraft with momentum wheels and a “ball-in-tube” type damper. It is also

a reasonable model for approximating the motion of a spacecraft with a flexible appendage when

only the first vibrational mode of the appendage is of interest. In the former case the mass of the

particle would typically be a small fraction of the total mass, whereas in the latter case, the mass

fraction may be more significant.

The dimensional equations of motion are developed following Hughes,1 and nondimensional-

ized as in Chinnery and Hall.3 The system linear and angular momentum are denoted byp� and
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h�, respectively. (The superscript� is used to denote dimensional quantities; we nondimension-

alize the equations below.) The linear momentum of the particle in then direction isp�n, and the

relative position and velocity of the particle in then direction arex� andy�. The angular velocity

of the body frame is!�, and the velocity of the pointO is v�o. Thejth rotor,Rj, has axial angu-

lar momentumh�sj = I�sj!
�

sj relative to the platform, and is subject to an axial torqueg�aj applied

by the platform. Collectively, these are denotedh�s andg�a. The position vector fromO to P is

r�p = b� + x�n, whereb� is a vector from the pointO to the undeformed position of the particle,

n is a unit vector in the direction of travel of the particle, andx� is the deflection of the particle.

The mass of the particle ism�

p, and the total mass ism�. The first and second moments of inertia

with respect toO arec� andI�. The moment of inertia matrix depends on the location of the mass

particle. The symbolI�o denotes the moment of inertia when the particle is in its nominal position

(x� = 0). The spring has stiffnessk�, and the dashpot damper has damping coefficientc�d.

Dimensional Equations of Motion

In terms of these variables and parameters, the equations describing torque- and force-free motion

are:

p� = m�v�o � c��!� +m�

py
�n (1)

h� = c��v�o + I�!� +AI�s!
�

s +m�

py
�b��n (2)

h�a = I�s(A
T
!
� + !

�

s) (3)

p�n = m�

p(n
Tv�o � n

Tb��!� + y�) (4)

_p� = �!��p� (5)

_h� = �!��h� � v��o p� (6)

_h�a = g�a (7)

_p�n = m�

p!
�Tn�(v�o � r��p !

�) (8)
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�c�dy
� � k�x�

_x� = y� (9)

The superscript� denotes the skew-symmetric matrix form of a vector.1

Dimensionless Equations of Motion

To nondimensionalize, we scale the variables and parameters as follows:

p� = (h�m�b�=I�c )p h� = h�h

p�n = (h�m�b�=I�c )pn v�o = (h�b�=I�c )vo

!
� = (h�=I�c )! y� = (h�b�=I�c )y

x� = b�x !
�

s = (h�=I�c )!x

t� = (I�c =h
�)t h�a = h�ha

b� = b�b c� = m�

px
�n

I� = I�c I I�s = I�c Is

" = m�

p=m
� b = m�b�2=I�c

cd = c�dI
�

c =(m
�h�) k = k�I�2c =(m�h�2)

(10)

whereh� = kh�k is the constant magnitude of the angular momentum vector. The dimensionless

equations of motion are then

p = vo � "xn�!+ "yn (11)

h = "bxn�vo + I! +AIs!s + "byb�n (12)

ha = Is(A
T
! + !s) (13)
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pn = "(nTvo � nTb�!+ y) (14)

_p = �!�p (15)

_h = �!�h� bv�o p (16)

_ha = ga (17)

_pn = "!Tn�[vo � (b+ xn)�!] (18)

�cdy � kx

_x = y (19)

The dimensionless moment of inertia matrix is

I = Io + "b
h�
2xbTn+ x2

�
1� (20)

x(bnT + nbT )� x2nnT
i

Reduced Order Equations of Motion

Under the assumption of zero external force and moment, we can eliminate the linear momentum

and the velocities, reducing the equations to a system of5 +N equations forh, ha, pn, andx:

_h = h�J�1m (21)

_ha = ga (22)

" _pn = �"cdy � "kx (23)

�"2mTJ�1n�[("0xn + b)�J�1m]

" _x = "y (24)
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where"0 = 1� ", and

J = Io �AIsA
T � ""0bx2n�n� (25)

+"b
h
2xbTn1� x(bnT + nbT )

i

m = h�Aha � "byb�n (26)

"y =
pn + "nTb�J�1(h�Aha)

"0 + "bnTb�J�1b�n
(27)

Note thatJ�1m = !. It is evident that these equations are in the form of singularly perturbed

differential equations.

Perturbed Hamiltonian System

When" = 0, these equations reduce to the equations for a rigidN -rotor gyrostat (of dimension

3 + N ), for which Eq. (21) is a noncanonical Hamiltonian system.15 Therefore the equations of

motion may be rewritten as a perturbation from the simple gyrostat equations as

_h = h�rHo + "f1(h;ha; pn; x; ") (28)

_ha = ga (29)

" _pn = �cdpn � "kx + "f2(h;ha; pn; x; ") (30)

" _x = pn + "f3(h;ha; pn; x; ") (31)

where

Ho =
1

2
hT Ĵh� hT

aA
TJ�1o h (32)

Ĵ = diag(0; i2; i3) (33)

6



and the inertia parametersi2 andi3 are defined as

i2 = (J1 � J2)=(J1J2), i3 = (J1 � J3)=(J1J3) (34)

andJo = Jk"=0. The" = 0 version of these equations has been investigated in Refs. 13 and 14.

Remark on Numerical Results

All of the simulations illustrated in this paper were performed using MatLab16 and Shampine and

Reichelt’s integration subroutines.17 Two “tests” were used to verify accuracy of the numerical

integrations. First, we checked to see that the angular momentum magnitude remained constant.

Second, we integrated the differential equation for the total energy, and compared the result with

the computed time history of the total energy. In both cases, the errors were consistent with the

numerical accuracy properties of the integration subroutine used (ode45).

Equilibrium Motions

There are several possible equilibrium motions for the system described by Eqs. (21–24). In this

paper we restrict our attention to those equilibria for which the damper is motionless;i.e., x = 0

andpn = 0. For these variables to remain zero, Eq. (24) also impliesy = 0. Thus from the

definition ofy, one of the following conditions must hold:

J�1(h�Aha) jj b (35)

b�J�1(h�Aha) ? n (36)

That is, either the angular velocity is parallel to theb axis, or the angular velocity is in the plane

spanned byb andn (assuming thatb andn are not parallel).
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In addition, Eq. (21) implies that, for equilibrium, one of the following conditions must hold:

m = 0 (37)

J�1m jj h (38)

With y = 0, the latter condition is equivalent to!jjh, which is the usual condition used in de-

termining rigid body equilibria, and has been used elsewhere to compute equilibria for gyrostats

(cf.Hughes1). The former condition,m = Jo! = 0, is of particular interest, because it is precisely

the condition of a stationary platform, where all the angular momentum is in the rotors. Below, we

will use this condition to investigate momentum transfer maneuvers which remain near this set of

equilibria.

In the following section, we discuss some basic momentum transfer ideas for gyrostats without

dampers. This is followed by a detailed treatment of an axial gyrostat with a damper aligned with

the rotor axis.

Momentum Transfer for Gyrostats

Here we recall some results on momentum transfer in gyrostats (Refs. 8, 15, and 12). We assume

that the control torquesga are small, and may be expressed asga = ��, wherej�j � 1, and

the elements of� areO(1) or smaller. With the additional assumption that the elements of�

are constant, the method of averaging allows the approximate reduction of theN + 3 equations of

motion [Eqs. (28–29), with" = 0] to a single first-order differential equation for the slow evolution

of the Hamiltonian. Furthermore, thega = 0 branches of stable equilibria in the two-dimensional

space spanned byH and the slow time� = �t are integral curves of this averaged equation. The

implication of these results is that constant-torque momentum transfer maneuvers which begin near

a stablega = 0 equilibrium will remain near the corresponding branch of stable equilibria until

the stability properties of that branch change (i.e., until a bifurcation occurs).
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ForN � 2, it is possible to interpret trajectories visually in the slow state space spanned byH

andha. In the following sections, we illustrate this by showing how to interpret the instability that

can occur during maneuvers of single-rotor gyrostats with discrete dampers. We also demonstrate

the so-called stationary-platform maneuver for gyrostats withN � 2.

Axial Gyrostat with Aligned Damper

We consider the relatively simple case of a single-rotor, axial gyrostat withN = 1, with rotor

axisa = b1. To further simplify the problem, we align the damper parallel to the rotor spin axis

(n = b1), and align the vectorb with theb3 axis. (See Fig. 2.) The simplification of the equations

of motion is evident and is not repeated here (cf. Hughes,1 pp. 218–223).

For the calculations, the following parameters are used:I = diag(1:1; 0:8; 0:5); Is = 0:1; " =

0:3; cd = 1. Note that we have chosenI�c = I�
1
� I�s so thatI 0

1
= I1 � Is = 1. For these

parameters,i2 = 0:25 andi3 = 1. The parametersb andk are chosen later to illustrate the stability

characteristics of various motions.

Unperturbed Bifurcation Diagram

For" = 0, the momentum transfer dynamics of the axial gyrostat are well-established.4–8 The slow

state space appears as shown in Fig. 3, where solid curves denote stable branches of equilibria

and dashed curves denote unstable branches. The symbolsO, P, T, andU in the figure denote

oblate, prolate, transverse, and unstable, according to which type of equilibrium the respective

motions are (cf. Ref. 8). The oblate branch corresponds to a positive momentum about theb1 axis

[h = (1; 0; 0)], whereas the prolate branch corresponds to a negative momentum about theb1 axis

[h = (�1; 0; 0)]. The transverse and unstable branches correspond roughly to spin about theb2

andb3 axes, but unlessha = 0, these are not pure spins about these axes; rather there is a non-zero

h1 component. The bifurcations whereT andU meetP are pitchforks, and occur whenha = i3

andi2, respectively.
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Perturbed Bifurcation Diagram

When" 6= 0, theU branch is changed, and does not correspond to a branch of equilibria with

x = 0 = pn, since any angular velocity about theb2 axis induces a deflection in the damper mass

[cf. Eq. (36)]. Since we are only interested in the equilibria for whichx = 0 = pn, we do not

compute the newU branch here. TheT branch is also changed, per Eq. (35), and forha 6= 0 does

not satisfy thex = 0 = pn requirement, so we do not compute the newT branch.

TheO andP branches hold the most interest here. That is, even though there are several

relative equilibria for this system, the most useful equilibria are the steady spins about theb1 axis,

defined by(h; ha; pn; x)e = (�1; 0; 0; ha; 0; 0). The stability of these steady motions is of interest,

and clearly depends on the value ofha as well as the system parameters. From the symmetry of

the problem (as evident in Fig. 3), we need only consider theh1e = +1 case.18 We develop the

linearized stability conditions using the Routh-Hurwitz criteria (Ref. 1, Ch. 7 and App. A), which

can be simplified to

I 0
1

> �max(I2; I3)� (39)

k > �("2b�3)=(I 02
1
(I 0

1
+ I3�)) (40)

where� = ha � 1. The bifurcation diagram based on the first criterion is shown in Fig. 4; note

that this does not take into account the spring stiffness. In the figure, the dashed lines denote

unstable equilibria, the solid lines denote asymptotically stable equilibria, and the dot-dashed lines

denote equilibria whose stability characteristics are determined by Eq. (40). The first of the two

bifurcation points along theP branch persists (marked with�), but past the first bifurcation (for

ha > 0), theP branch is unstable. By symmetry theO branch is unstable past the first bifurcation

for ha < 0.

Some specific cases are of interest. When� = �1 (ha = 0), it is straightforward to show that
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these are the familiar criteria for the spinning rigid body with a damper parallel to the spin axis.3

When� = 0, i.e., when all of the angular momentum is in the rotor, then stability is guaranteed,

since all of the stability conditions are met. When� > 0, stability is also guaranteed.

When the first condition is not met, the equilibrium is unstable and no choice of damper pa-

rameters can stabilize the motion. This means that there is a critical value of� < 0, denoted

�� = �I 0
1
=max(I2; I3), that should not be within the operating range of the satellite. (Another

way to put this is thatha > �min(i2; i3) must be satisfied.) As a design consideration, then, it is

appropriate to take

k > �("2b��3)=[I 02
1
(I 0

1
+ I3�

�)] (41)

With Eq. (41) satisfied, the entirety of the conditionally stable (dot-dashed) branches in Fig. 4 are

asymptotically stable (assuming Eq. (41) is satisfied).

We should point out that the linear stability analysis is slightly complicated by the presence

of a zero eigenvalue of the linearized system of equations. In fact, the first row and column of

the linearized matrix are both zero. Thus the question of stability of the center manifold19 must

be addressed. In this problem, there is a first integral due to conservation of angular momentum,

h2 = 1. At the O andP equilibria, the value of this first integral ish2
1
= 1. Sinceh2, h3,

pn, andx all approach0 asymptotically (they are in the stable manifold),h1 must approach�1

asymptotically to preserve the integral. If the initial conditions are sufficiently near the equilibrium,

thenh1 must approach+1. Thus linear asymptotic stability implies nonlinear asymptotic stability.

Of course, the equilibria are not necessarily globally stable. In particular, for small values ofha,

both theO andP branches are asymptotically stable. This is similar to the two asymptotically

stable steady spins of a “quasi-rigid” body in different senses about the major axis.

Stable Momentum Transfer

In Figs. 5–7, we use thehaH plane to illustrate two stable momentum transfer maneuvers. In both

maneuvers, the parametersb = 1 andk = 0:36 are chosen, satisfying Eq. (41). In the first maneu-
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ver, the initial conditions (starting at� in thehaH plane) areh = (0:9206; 0:2762; 0:2762); ha =

1; pn = 0; x = 0, and the torque isga = �0:05. The maneuver time is20 seconds (dimensionless),

so that the rotor momentum goes fromha = 1 toha = 0. Note that the trajectory moves from right

to left in the figure, since_ha < 0. This maneuver corresponds to despinning the rotor and spinning

up the platform.

In the second maneuver, the initial conditions (starting at� in thehaH plane) areh = (0:9206; 0:2762; 0:2762);

0; pn = 0; x = 0, and the torque isga = 0:05. Again the maneuver time is 20 seconds. This ma-

neuver corresponds to spinning up the rotor and despinning the platform.

Both maneuvers are inherently stable, and as shown in Figs. 6 and 7, the states do asymp-

totically approach the equilibrium. In the first trajectory, continued momentum transfer would

eventually reach the instability associated with� < �� and the corresponding pitchfork bifurca-

tion. In the second trajectory, continued momentum transfer would increase� and the trajectory

would remain stable, asymptotically approaching the equilibrium state. In either case, continued

numerical integration of the trajectory withga = 0 leads to asymptotic stability of the correspond-

ing equilibrium point on theO branch.

Unstable Momentum Transfer

As noted above, there are at least two ways that an instability can occur. One is thatk can be

less than the critical value defined by Eq. (41), in which case an instability occurs when� =

ha � 1 becomes less than the value defined by Eq. (40). The other is when a momentum transfer

maneuver is attempted that passes through the critical value of��. In Figs. 8–10, we illustrate

two different unstable momentum transfer maneuvers. The first trajectory corresponds to identical

initial conditions and system parameters as the first trajectory in Figs. 5–7 (starting at�). The

only difference is that here the momentum transfer is allowed to continue for40 seconds, so that�

passes through��, illustrating the fundamental instability that the spring stiffness cannot stabilize.

The second trajectory uses the same initial conditions as the second trajectory in Figs. 5–
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7 (starting at�), but the stiffness,k, is taken to be less than the value required for stability at

ha = 0(� = �1). The specific value ofk chosen isk = 0:015 = �("2b�3)=[I 02
1
(I 0

1
+ I3�)],

with � = �1=2, so that onceha > 1=2, the nominal equilibrium is stable. Also, for illustration,

we use a smaller internal torque,ga = 0:01, so that the instability has time to grow before the

rotor stabilizes the motion. The momentum transfer time is 100 seconds. The figures illustrate the

initial divergence of the trajectory, followed by an asymptotic approach to the equilibrium branch

(cf. Fig. 5). Note especially the large departure of the the damper mass in Fig. 10, and how the

growth inx reverses att � 50 as expected (t = 50, ha = 0:5).

These examples serve to illustrate the effect of the damping mechanism on the success of

certain spinup maneuvers for the axial gyrostat. In addition, the internal torque could be thought

of as responding to the influence of external torques, as in the use of reaction wheels. From the

definition ofk in Eq. (10), it is evident that an increase of the angular momentum has the effect

of decreasing the dimensionless stiffness. Thus, the limits imposed by the stability criteria in

Eqs. (39–40) could also be used to determine the requirement for momentum unloading operations.

“Stationary-Platform” Maneuver

In this section we develop the concept of “stationary-platform” maneuvers for multi-rotor gy-

rostats. This class of maneuvers was previously reported for two-rotor gyrostats in Ref. 13. For

two-rotor gyrostats, only a limited set of orientation changes is possible since the momentum of

the rotors is confined to a plane. For three-rotor gyrostats, however, any orientation change is pos-

sible, provided that the wheels’ saturation speeds are sufficiently large and that the wheels are not

coplanar. The issue of saturation speeds was investigated in Ref. 20.

In the previous section, we showed that the stationary-platform equilibrium is asymptotically

stable for all physically realizable system parameters, for the special case of the axial gyrostat

with aligned damper [Eq. (40) with� = 0]. Such explicit criteria are not readily available for

the more general case of a multi-rotor gyrostat with arbitrarily aligned damper, but numerical
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evidence based on a wide variety of system parameters suggests that this is so. In Ref. 14, we

proved nonlinear stability for stationary-platform equilibria in the undamped case. In the present

work, we numerically verify that the stationary-platform equilibria are asymptotically stable by

computing the eigenvalues of the linearized system.

Referring to the earlier section on Momentum Transfer for Gyrostats, we consider the case

when the elements of the internal torque vector,�, are not constant, but are slowly varying. It is

reasonable to suppose that the results obtained for� = constant still hold, and in fact they do. The

stationary-platform maneuvers are based on these ideas applied to the special class of stationary-

platform equilibria (h = Aha). The initial condition is near a stationary-platform equilibrium

and the torques are chosen such that the rotor momenta satisfy the stationary-platform condition

throughout the maneuver. Then, since the stationary-platform equilibria are all stable, the trajec-

tories should remain near the branch of stationary-platform equilibria, and hence! should remain

small. The advantage of such a trajectory is that the small platform angular velocities are less likely

to excite vibrations in flexible components.

For stationary-platform maneuvers, we assume initial conditions onh andha such thath =

Aha and

hT
aA

TAha = 1 (42)

The latter condition defines an ellipsoid in theN -dimensionalha space. The initial and desired

final stationary-platform equilibria define two points on this ellipsoid. The spinup torquesga

are chosen such that the condition onha is satisfied throughout the maneuver. Differentiation of

Eq. (42) with respect to time shows that anyga which is orthogonal toATAha will yield such

a maneuver. Thus the torque vectorga = �� must lie in the tangent space of the ellipsoid. For

theN = 2 case, the ellipsoid is a simple ellipse, and the trajectory inha space simply traces the

ellipse. For theN = 3 case, there are infinitely many choices for the trajectory, since there are

infinitely many curves connecting any two points on the ellipsoid.
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One choice would be to take a geodesic which connects the two points, but this leads to com-

plicated calculations and usually the ellipsoid will be nearly spherical. Therefore we choose to

take a path which lies in the intersection of the ellipsoid with a plane passing through the origin

and containing the initial and final values ofha, denotedhao andhaf , respectively.

The development proceeds as follows. Define a new reference frame inha space with base

vectors

c1 = hao=khaok (43)

c2 = c�
3
c1 (44)

c3 = h�aohaf=kh
�

aohafk (45)

Collect these column matrices into a3� 3 rotation matrix:

C = [c1 c2 c3] (46)

Define a transformed rotor momentum vector� by

� = CTha (47)

Under this transformation, the stationary-platform condition becomes

�
TDTD� = 1 (48)

whereD = AC. The columns ofD, to be denoteddj, are not unit vectors, even though the

columns ofA are. Equation (48) defines the ellipsoid in terms of the components of�, and it is
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evident that�o and�f lie in the�1�2 plane. Thus�3 = 0 for our chosen trajectory, and Eq. (48)

simplifies to

"
�1 �2

# 26664
d2
1

dT
1
d2

dT
1
d2 d2

2

3
7775
2
6664
�1

�2

3
7775 = 1 (49)

Now, for the trajectory to follow the ellipse defined by Eq. (49), it is sufficient to take

2
6664

_�1

_�2

3
7775 = �

2
6664
�dT

1
d2 �d2

2

d2
1

dT
1
d2

3
7775
2
6664
�1

�2

3
7775 (50)

or

_� = �

2
666666664

�dT
1
d2 �d2

2
0

d2
1

dT
1
d2 0

0 0 0

3
777777775
� = �E� (51)

It is evident that_� is orthogonal toDTD�, thus satisfying the conditions for a stationary-platform

maneuver. Substituting� = CTha into the control leads to the desired control law for the rotor

torques:

_ha = �CECTha (52)

This is a control law which yields a stationary-platform maneuver. SinceC andE are constant

matrices depending only onA and the initial and final values ofha, this is a constant coefficient

linear system of equations. Sinceha lies on the ellipsoid, it is evident that the torques are bounded,

and areO(�). Equation (52) can be solved in closed form and is decoupled from the platform

dynamics. Thus the stationary-platform maneuver is an easy-to-implement open-loop maneuver

which is nearly optimal in two ways: the platform angular velocity is small throughout the maneu-

ver, and the motor torque is small throughout the maneuver, sincekgak = O(�). It is also possible
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to view this control as a closed-loop control, sinceha may be expressed in terms of the relative

angular velocities of the rotors (as might be measured by tachometers) and the platform angular

velocities (as might be measured by accelerometers).

For an example, we use the same parameters as for axial gyrostat examples above, with two ad-

ditional rotors aligned with theb2 andb3 axes. The initial conditions areh = (0:9206; 0:2762; 0:2762);ha =

h; pn = 0; x = 0, and the desired final conditions areh = (�0:2762;�0:9206;�0:2762);ha =

h; pn = 0; x = 0. This corresponds to a maneuver through approximately126�. Taking� = 0:05,

the maneuver takes approximately 44 seconds. The angular momentum components and the par-

ticle momentum and position are shown in Fig. 11. The angular momentum reaches the desired

final state, and the particle deflections are small.

For comparison, Fig. 12 shows the results of a constant torque maneuver from the initial to

final values of rotor momentum. The torque magnitude is� = 0:0293, chosen so that the maneuver

takes the same time as the stationary-platform maneuver. The trajectories inh space are similar,

but the particle deflection is two orders of magnitude greater than in the stationary-platform case.

In Fig. 13, we show a comparison of the magnitude of the angular velocity vectors for the two

maneuvers, as well as the angle� between the angular momentum vector and the desired angular

momentum vector. For the constant torque maneuver, the angular velocity reaches� 0:6 rad/s,

whereas for the stationary-platform maneuver, the maximum angular velocity magnitude is� 0:1

rad/s. Note that if a pure eigenaxis rotation is used for this maneuver, the angular velocity would be

about 0.035 rad/s, and that the average value for the stationary-platform maneuver is about 0.051

rad/s. Thus the stationary-platform maneuver is a simple approximation to an eigenaxis maneuver.

Conclusions

The combination of a discrete damper and a set of flywheels has significant effects on the motion

of an otherwise rigid satellite. The system of equations describing the motion of such a satellite

model is a perturbation of a non-canonical Hamiltonian system, and the underlying Hamiltonian

17



structure is useful for understanding the dynamics. For the specific case of a single-rotor gyro-

stat with rotor and damper aligned with the major principal axis, it is possible to obtain explicit

stability criteria that can be used in damper design, or in planning of momentum unloading op-

erations. The Hamiltonian bifurcation diagram is an effective tool for interpretation of potential

instabilities during attitude maneuvers. For multi-rotor gyrostats, explicit stability criteria are not

available. Stationary-platform equilibria, however, appear to be asymptotically stable for all values

of system parameters. This apparent fact leads to the usefulness of a class of attitude maneuvers

based on steering the rotors along an ellipsoid defined by the stationary-platform condition. These

stationary-platform maneuvers are significantly better than constant torque maneuvers in terms of

angular velocity magnitude and the magnitude of excitation of the flexible component.
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Figure Captions

Figure 1.N -Rotor gyrostat with discrete damper.

Figure 2. Single-rotor axial gyrostat with aligned discrete damper.

Figure 3. ThehaH plane for an axial gyrostat.

Figure 4. ThehaH plane for an axial gyrostat with damper.

Figure 5. Stable momentum transfer maneuvers in thehaH plane.

Figure 6. Angular momentum components for stable momentum transfer maneuvers.

Figure 7. Damper momentum and position for stable momentum transfer maneuvers.

Figure 8. Unstable momentum transfer in thehaH plane.

Figure 9. Angular momentum components for unstable momentum transfer maneuvers.

Figure 10. Damper momentum and position for unstable momentum transfer maneuvers.

Figure 11. Angular momentum and damper momentum and position for stationary-platform ma-

neuver.

Figure 12. Angular momentum and damper momentum and position for constant-torque maneuver.

Figure 13. Angular velocity magnitude and “cone” angle for stationary-platform and constant-

torque maneuvers.
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