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APPLICA TION OF SEVERAL CONTR OL TECHNIQUES FOR THE
IONOSPHERIC OBSERVATION NANOSA TELLITE FORMA TION

Bo J. Naasz®, Christopher D. Karlgaard Y and Christopher D. Hall *

This paper preserts the results of applying seeral generic corntrol strate-
giesto the problem of maintaining and maneuwering a formation of Earth
observing satellites. These standard techniques include both linear and
nonlinear control methodologies. The e®ectsof seweral constraints are con-
sidered, including "xed thrust magnitude and non-radial thrusting. In-
plane and in-track formation typesare discussedin both cooperative and
master-slavze command and cortrol architectures. Results are comparedfor
a simple anomaly-shift maneuwer, and a time-optimal continuous thrust
maneuwer is usedas a baselinefor the comparisons.

INTR ODUCTION

In the past ten years, spacecraftformation °ight hasbeenthe topic of a great deal of researd.
The motivation for formation °ying spacecraftis simply stated: just as geeseand military aircraft
°y in formation to increasethe overall etciency of the group, so too can spacecraft°y in close
formation to increasethe overall exciency, performance,and survivability of a mission.

The lonospheric Obsenation Nanosatellite Formation (ION-F) consistsof three spacecraft,one
ead designedand built by studerts at Virginia Ted, Utah State, and the University of Washington.
The mission has three primary objectives: to conduct a multi-p oint study on properties of the
ionosphere! to test and demonstrate the conceptof formation °ying for usein spacemissions? and
to provide students with the valuable opportunity to design, build, and operate a real spacecraft.
ION-F is sponsoredby the Air Force and NASA and will launch on the SpaceShuttle in 2003.

We begin by describing the spacecraft and its capabilities, and then discussthe modelling
choicesassaiated with formation °ying simulations. We dewelop linear and nonlinear control laws
and apply them to a cortrol problem of interest for the ION-F mission.

CONTR OL HARD WARE

HokieSat, the Virginia Ted nanosatellite, preseris an interesting cortrol problem. A pulsed
plasmathruster (PPT) system has beendeveloped speci cally for the ION-F mission by the Uni-
versity of Washington and Primex AerospaceCorporation.®* Figure 1 shows the layout of these
thrusters in the HokieSat spacecraft. Thrusters T, and T3 in the gure are the primary source
of translation control, whereasthrusters T; and T, provide yaw steering to augmert the magnetic
torque coil system. The thrusters produce an impulse-bit of 561 N-s and re at arate of 1 Hz, giving
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a total translational impulse-bit of 1121 N-s. As there are no thrusters pointed in the zenith-nadir
direction, and the spacecraftmust remain nadir-pointing for inter-satellite communications, radial
thrusting is prohibited.
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Figure 1: HokieSat pulsed plasmathruster (PPT) layout viewed from zenith direction

The attitude determination and control systemof HokieSatis describedin Ref. 5. The attitude
is primarily cortrolled by a system of magnetic torque coils, with thrusters T; and T4 providing
a level of redundancy for yaw steering. For the preliminary formation cortrol laws described in
this paper we assumethat the spacecraftcan be slewed in order to provide thrust in any allowable
direction. Speci cally, we do not allow thrust in the radial direction, sincethe spacecraftdoes not
have thrusters mounted on the nadir or zenith facesand must remain nadir-pointing.

All of the ION-F spacecraftusea combined GPS-basednhavigation and crosslinkcommunications
system designedand manufactured by the Applied Physics Laboratory.® This system allows each
spacecraftto determineits orbit and communicate this and other information to the other spacecraft
allowing for autonomous operations.

Additional information about the HokieSat spacecraftmay be found in Ref. 7.

MODELLING OF FORMA TION FLIGHT

The ION-F formation °ying mission includes two simple formation types: the anomaly shift
formation, and the same ground track formation, both illustrated in Fig. 2. The anomaly shift

formation consistsof two or more spacecraftin identical orbits separatedby somechangein true
anomaly, £°.

The sameground track formation consistsof two or more spacecraftorbits separatedby shifts
in true anomaly, #°, and right ascension,x. The value of + orients the orbits sothat all of the
spacecraftin the formation sharethe sameground track:

+ = | it 1)

where! ¢ and #t are the angular velocity of the Earth and the time betweensatellite ground passes,
respectively.

Figure 3 shows three models for cortrolling and simulating formation dynamics. The three
models increasein complexity from a simple rendezwus problem to a cooperative, multi-craft ma-
neuvering problem. The rendezwus problem is the problem of maneuwering the active spacecraftto
rendezwous with a point relative to the passive spacecratft.
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Figure 3: Formation simulation models: A) rendezwus model; B) leader-follover model; C) coop-
erative model

The intermediate model is a leader-follover (or master-slase) type formation wherethe reference
orbit of the active spacecraft(the follower) is determined by a formation planner from the leader's
orbit. In the caseof an anomaly shift formation, the active spacecrafttargets a referenceorbit
de ned by a #° shift of the leader's orbit. This model is only required if di®erenial perturbations,
such as Earth oblatenessor orbit cortrol at the leader spacecraft,are applied, causingthe reference
orbit to drift with respect to the leader's. If no perturbations are applied in orbit propagation, this
model is identical to the target-interceptor problem, as the referenceorbit follows a path identical
to the leader's.

The cooperative, multi-craft maneuwering problem involvesthe complicated task of determining
referenceorbits for two active spacecraftfrom the inertial orbits of the two spacecraft,and a prede-
termined relative formation type. In Ref. 8, the authors show that the useof two actively cortrolled
spacecraftasopposedto a leader-followver type formation improvesthe exciency of formation cortrol
by minimizing both the time and the number of thrust impulsesrequired to establish the desired
formation.

The desired relative orbit can be chosenin many ways, possibly to optimize the mission per-



formancein somesense’ or to minimize the e®ectof gravitational perturbations on the formation
geometry!? in an e®ort to minimize formation-keeping propellant consumption. In the study pre-
serted here, only the anomaly shift and sameground track formations are considered.

The standard Earth-centered inertial frame is designatedas F; and has unit vectors?l, 1\2 and
15 in the inertial x, y and z directions, respectively. The perifocal frame, F, hasunit vectorsp,, p»
and ps with p1 in the periapsisdirection, ps in the orbit normal direction, and o, = pP3 £ 1. The
orbit frame, F,, has unit vectors 61, 6, and 63 with 63 in the nadir direction, 6, in the direction
of the negative orbit normal, and 6; = 6, £ 03, which is the velocity direction for a circular orbit.
The spherical frame, F, is a permutation of the orbital frame, and hasunit vectors$; in the radial
direction, 4, in the velocity direction and %3 in the orbit normal direction.

The equations of motion for a point-mass satellite take the form

A=y

Wf + & (2)

whereft is the position vector of the satellite measuredfrom the certer of massof the primary body,
1 is the gravitational parameter of that body, and &, includes perturbation accelerationscausedby
oblatenesse®ectsof the body, atmospheric drag, third body e®ectsand soon. If &, = 0 then the
equations of motion reduceto the ideal Keplerian situation where the body is a perfect sphereand
all other disturbancesare zero.

LINEAR CONTR OL

Among the more recent developmens of linear optimal control are the H, and H; control
synthesistechniques. H, cortrol is a generalizationof the linear quadratic regulator (LQR) method,
and H; methods are basedon robustnessideas, but can also be formulated in a linear-quadratic
framework through the application of game theory. A brief summary of these methods is given
below, but more details may be found in Ref. 11.

H, control is basedon the linear quadratic regulator (LQR) concept, where the cortrol of a
linear system is found by seekingthe minimum of a real scalar quadratic cost function. The H ;-
optimal cortrol results from including random disturbance inputs modelled aswhite noisein the LQR
problem. This cortrol is also often called the stochastic regulator or the linear quadratic Gaussian
(LQG) control. For full-information state-feedba& problems, the H, control designreducesto an
equivalent state-feedba& LQR solution.*!

H1 cortrol results from consideringthe sametype of problemsasencountered in the H, cortrol
problem, but now seeksto minimize the 1 -norm of the systemresponse. The small gain theorem
states that the stability margins of a system are inversely proportional to the maximum singular
value, or the 1 -norm, of the closedloop transfer function from the disturbance input to output.
Therefore, stability margins of the closedloop systemmay be maximized by minimizing the 1 -norm
of that system. In other words, H; techniquesseekto minimize the e®ectof modelling error on the
system stabilit y.

For the caseof the cortrol of satellite formations, these techniques use a linearized form of
Eq. (2), which, for large deviations from the referenceconditions, constitute a poor approximation
of the dynamics of satellite motion. In an extremely crude sense,the true dynamics of the system
can be thought of asrandom from the viewpoint of the corntrol system, lending itself well to an H,
design approach. Howewer, it is better to think of the actual dynamics as truncation error made
during the linearization process,leading to the view that H; is the bestapproad for this problem
sinceit will minimize the e®ectof this error.

Linear-quadratic techniqueshave beenapplied to the orbital maneuwering and formation cortrol
problem by seweral authors.*?{20 |n all of thesecasesLQ techniqueshave proven to be an adequate
approac to both formation keepingaswell formation maneuwering. Signi cant gainsin performance
and robustness,however, may be found by consideringan H; approac.



For this problem, the governing linear equationsof motion are the well known Clohessy-Wiltshire
equations?? The non-dimensional equations of motion expressedin a spherical coordinate system
(using the samenotation as Ref. 22), subjected to an impulse at non-dimensionaltime ¢y are:

¢ = ¢ 3)
el = en, @
¢A = ¢nry (5)
¢0? = 3¢r+2eh, (6)
CrY = 200+ fux(i o) (7)
¢r = jeA+fat(ci ) @8)

where f,, and f 4 are the componerts of the impulse and * is the unit impulse function. Note that
a radial componert of the impulse doesnot appear, sincethrusting is not allowed in that direction.
It is easyto verify that this systemis cortrollable in the sensedescribed in Ref. 23 without radial
thrust inputs. The equations of motion may be re-dimensionalizedby using length units equal to
ro, the radius of the referenceorbit, and time units equalto 1=! o, where! o is the mean motion of
the referenceorbit. The solution of this systemwith the initial conditions ¢ f(¢o), ¢ {I(¢o), ¢ A(co),
¢ ¥ (éo), ¢ Mu(éo) and € Na(éo) is

¢r(e) = [4i 3cos(éi o)l € P(éo) + sin(éi éo)¢ % (o)

+2[1j cosi éo)][¢ Mu(éo) + ful 9)
¢fie) = 6BIsini )i (&i )¢ Meo)+ ¢l(eo) + 2[codei o) i 1€ ¢ (¢o) +

+[4sin(¢ i )i 3(i ][ Muleo) + i (10)
¢A() = cosii )t Aeo) + sin(ei o) [¢ Malo) + FAl (11)
¢0(¢) = 3sin(¢i )¢ % (o) + cosi éo)¢ % (éo) + 2sin(¢ i éo) [¢ Muléo) + Ful  (12)
¢ru(e) = 6[cosi )i ¢ A(o)i 2sin(éi o)t ¥ (o)

+[4cod¢i )i 3I[¢ Mu(eo) + i (13)
Crae) = i sin(i o)t Aleo) + cosCi o) [¢ Maléo) + Tal (14)

A discrete represenation of the dynamics is better suited for usewithin a cortrol law develop-
mernt for this problem asit capturesthe pulsed nature of the thrusters. Sud a represenation may
be found by modelling the dynamics with di®erenceequations rather than di®ererial equations.
This transformation can be accomplishedby letting ¢o = k¢ and ¢ = (k+ 1), wherek is an integer
and ¢ is the non-dimensional sampling period between thruster pulses. The equations of motion
may be written as

1
Xk+1 = AXg + Bug + Fwy (15)

where x} = f¢ r(kg);¢ fi(kg); ¢ A(kE); ¢ 0, (KE); ¢ Pu(kg); ¢ Pa(kE)g, uf = ff;fag, wi is a dis-
turbance input usedto model processnoise, ° is a scaling parameter which is discussedbelow,
and

2 4 3cos; O 0 sin 2(1j cost) 0
,6(},1 sing) 1 0 2(1j cost) 4singj 3¢ 0
0 cosg 0 0 sing (16)
33|n}, 0 0 cosg, 2sin 0
i 6(1. cost) O 0 i 2sing 4costj 3 0
0 j sin§ 0 0 cost,



2(1j cost) 0
4sing i 3¢ 0

2
B = E 0 sing, (17)

2sing 0
4cost i 3 0
0 Cosg,

The H, and H; controls developed in this sectionseekto minimize a cost function in order to
regulate the variable zy = fok;ukgT, where Q is a weighting matrix that can be scaledin order
to shift the emphasisbetweenthe state and the control. The in"nite-horizon LQR or state-feedbak
H, control seeksto minimize the cost function

R £ 1 .. B
Ju, = X, Q" QX + Uy Uy (18)

which leadsto the optimal feedbad cortrol 23
i TppbilnT
uc=i | +BTPB "BTPAx (19)

where matrix P is determined by solving the discrete algebraic Riccati equation:

. ¢
P=Q'Q+ATPA; ATPB'I +BTPB ' '

BTPA (20)

The H1 optimization problem seeksto achieve a bound on the norm kT (s)k; < 1whereT(s)
is the closedloop transfer function matrix from the noiseinput to output and °© > 0is a bound on
the norm which should be made as small as possible. This optimization problem may be restated
as a linear-quadratic discrete gameby the cost function

1 .
_ T AT T T
Jn, = X Q' QXk + U Uk i 55 Wk Wk (21)
k=0

wherethe H; -optimal cortrol is found by minimizing Ju, with respectto ux and maximizing Jy,
with respect to wy. This condition meansthat the optimal cortrol is found in suc a way that the
plant is stabilized even for the worst possibledisturbance or modelling error. The in nite-horizon,
state-feedba& cortrol for this problem is givenin Ref. 24 and is identical in form to Eqg. (19), with
amodi ed Riccati equation for matrix P:

i ¢ 1 1 H 1 ﬂi 1
P=Q'Q+ATPAj ATPB I +BTPB ' BTPA+ SP I+ 5P P (22)
Note that as® ! 1, the H; solution approadcesthe H, solution, meaning that once the

schemefor computing the H, solution hasbeenimplemented, it is simpleto dewvelop an H, solution
in tandem oncethe weighting matrices have beenchosen.

NONLINEAR  CONTR OL

Whereaslinear cortrol techniques can be highly e®ectie in the cortrol of nonlinear systems,
nonlinear control strategiescanbe bene cial in a variety of ways. For example, nonlinear cortrollers
may: a) increasethe region of state spacein which we can e®ectiwely corntrol the system,b) improve
cortrol robustnessto parametric uncertainty, ¢) obtain truer optimalit y results, d) enablecontrol of
systemswhich are not linearly cortrollable, and e) allow us to presene and exploit physical insight.

Ly apunov Control



The direct method, or secondmethod, of Lyapunov is a valuable tool in the analysis of both linear
and non-linear systems. The stability of the system

z=1(2) (23)

where
z=xj x"° (24)

is analyzed using Lyapunov's stability approac by constructing an energy-like scalar Lyapunov
function of the state, V(z). For such a system, the equilibrium point, x°, is globally asymptotically
stable if there is a V (z), cortinuousin the 15t derivative, that satis es the following conditions:2%{27

V (0) = 0

V(2) > 08z6 0

\L(2) < 08z6 0 (25)
Mz V= 1

While there is no foolproof method for generating Lyapunov functions, quadratic and logarithmic
forms are often e®ectiw starting points for a trial-and-error approad.

Cartesian Lyapunov Control. To implement a cartesian Lyapunov cortrol, we choosea quadratic
Lyapunov function, V(x), that satis es the Lyapunov criteria for guaranteed asymptotic stability,
where x is the inertial, cartesian, state-error vector.

Taking the time derivative of V, and writing x asa vector function, f, of x, and the cortrol, u,

we get
@ @
VL= —x= —f(x;u 26
&t @ (x;u) (26)
To drive the position and velocity error of a formation °ying satellite to zero, we de ne the state

vector X as ,
= ¥ 27)
x= (

where (¢ describesthe relative value of parameters of the cortrolled satellite with respect to the
reference,or target satellite (in this case,the relative position and velocity):

9 = (Ycontrolled i (Yreference (28)

Note herethat the reference refersto the desiredstate of the controlled spacecraft,which is calculated
from the state of the uncortrolled spacecraft.

We choosea positive de nite Lyapunov function, V, asshawn in Eq. (29), sothat \. can only
be negative for decreasingstate vector magnitudes:

V(#r;2v) = %kf_rr“_rr + %szvTiv (29)
The time derivative of this Lyapunov function is
V(4 4v) = [Ketr + kotv] #f (30)

We now have an equation for the Lyapunov function in terms of the relative position and velocity,
and the vector function #f:

+f (X U) = e 31)
A #,
The time rate of change of the relative position, #r, is simply the relative velocity:
H, = 4 = #y (32)



Similarly, the time rate of change of the relative velocity, tv, is the relative acceleration, plus the
cortrol acceleration. The cortrol term shaws up only in the f, equation:

A !
- - rr
#,= A+ u=Aj Ag+ru=!? r—3irg—e‘c +u (33)
ref
Re-writing Eq. (30), we get
\L(2r; ) = ko T4y + kv T 4, (34)

To cortrol the systemwe must choosea control that cancelsthe position error from Eq. (32),
cancelsthe relative gravitational force from Eq. (33), satis es Eq. (35), and satis es the original
criteria for guaranteed asymptotic stability given by Eq. (25):

\L(#r;#v) = j kv v < 0 (35)

A cartesian Lyapunov control accelerationthat satis es theserequiremerts is:

A !
r r k
Ucart = 1 r_3 i rg—e: k—ii'r i k3iV (36)
re

Notice that substituting the Lyapunov control, ucgyt, into #f, in Eq. (34) givesthe negative-
de nite derivative required in Eg. (35).

The cortrol givenin Eq. (36) hasthree componerts, easily distinguishable asa nonlinear dynam-
ics componert, and proportional and derivative componerts. The non-linear dynamics componert,

Udyn: given by A |

rr

u =1 —j _ref (37)

dyn re r?ef
negatesthe relative natural dynamics, allowing the remaining componerts to behave as a simple
proportional-derivative (PD) cortrol. Note that in the cortrol de nition, only the PD componerts
have ass@iated gains. This property of the control law meansthat we canonly guarantee asymptotic
stability with this cortroller if the ertire Udyn componert is applied. This fact is critical when we
apply this control law in "xed thrust magnitude problems. When scaling the control acceleration
given by Eq. (36), we only have the freedomto scalethe proportional and derivative componerts
by choosing appropriate gains. For this reasonit is cornveniert to rede ne the cartesian Lyapunov
cortrol as: A 1 n q
_ _1 T Tref i ket j kpzv
Ucart = Ugyn * S0pp = * (3 fref "o ki kp#rj kpivk

where PD gains, kp and kp, and scaling factor S are chosenby the control designer. We introduce
the scaling factor as a third gain sothat the cortrol can be scaledas neededwithout changing the
ratio of the PD gains, or scaling the Udyn componert. Figure 4 illustrates one possible scaling
method for a sampleformation maneuwer in which the magnitude of Udyn is lessthan the available

thrust acceleration, T=m. The dotted circle in the "gure represerts the available thrust acceleration.
Sketch A in the "gure shows an improperly scaledcortrol vector, uggrt, in which the ertire cortrol
is scaled. Sketch B shaows an appropriately scaledthrust vector in which the scaling factor, S, is
computed using the law of cosines:

[V [P

(38)

| —

e S+ uZgrt i 2SUcart COSH (39)

where 3 .
U= Yaj cod ! Odyn ¢OPD (40)
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and thus 2 X 3
A ”TﬂZE

1
S = 542Ucart cosp § (Ucart)2 i 4 U(ijn i m > “h

o<

When applied to formation maneuwers in which Udyn is negligible, the corntrol law given by
Eq. (38) behavesidentically to a PD cortrol. As the sizeof formation maneuwersincrease,the Udyn

componert of the cortrol becomescritical to the successof the maneuver. Problems arise in the
application of this control whenthe Udyn componert of the requestedcortrol becomedarger than the

available thruster acceleration. If the thrusters are incapable of negating the di®erertiial acceleration
becausethey cannot provide suxcient thrust, or the maneuver is too large, the cartesian Lyapunov
cortrol will not successfullycomplete the maneuwer, and another cortrol law must be employed.

S

UpD Upp

‘ N/, L

Cadl
udyn -~ udyn

Els

cart
Ucart

Figure 4: Cartesian Lyapunov cortrol scaling techniques: A) incorrectly scaledcortrol vector; B)
properly scaledcortrol vector

Orbital Element Lyapunov Control. Schaub and Alfriend %28 have shavn that Lyapunov cortrol
basedon orbital elemen feedbadk performswell in low-thrust, multi-orbit maneuwers. Unfortunately,
the equations of motion required in the developmert of their Lyapunov cortrol cortain singularities
for circular, and equatorial orbits. To resolwe this issue,we develop a Lyapunov feedbad cortrol
law using the nonsingular, equinoctial variables.

ligen®® dewelops Lyapunov optimal feedbad cortrol techniques for low thrust orbit transfer
between orbits of di®erert semi-mgor axis, eccetricit y, and inclination using both classic, and
equinoctial elemen sets. While the author does not discussformation-°ying cortrol directly, the
paper provides an excellert starting point for the developmen of an equinoctial, Lyapunov-optimal,
formation °ying feedbad cortrol law.

In a straightforward expansion of llgen's work, we dewvelop a technique to cortrol the full,
six elemen relative motion of formation °ying spacecraftin both classicaland equinoctial orbital
elemen forms. For systemsof the form

x = [g(x)]u (42)
we can write the derivative as
d
SO X = Wx i x9) = S Sgalu = Vlg(lu (@3
Setting the cortrol, u, to be
u=j KGNV (44)

where K is a positive de nite gain matrix, the derivative becomes

V() = i WlgGONK IO VT = i K o001V (45)



This derivative is negative-de nite, and therefore, by Lyapunov's secondmethod, the system de-
scribed in Eq. (42) is globally, asymptotically stable when the control givenin Eq. (44) is applied,
provided we choosean appropriate positive-de nite Lyapunov function.

Gauss'sform of Lagrange's Planetary Equations (LPE) takesthe form

x = f(x;u) = [g(x)]u + h(x) (46)
wherex is the [6£ 1] classicalelemert set, [a;e;i; - ;! ;M], u is a[3£ 1] control accelerationvector
in Hill's frame, and f(x;u) is

2o 232 3 2
2ahe ﬁrcop 0 0
p?  (prribrre 0 2 3 Bo
0 0 re¢ +°) r 0
f(x;u) = 0 0 rS(!h+°) 4 Up 54 0 (47)
: pC (p+1)S i s oyg Un 0
b(pC 'Sre) . b(pinS BS n
ahe ahe

where the sine and cosinefunctions are abbreviated as s(§ and c(9.

We can modify these equations of motion to match the form of Eq. (42) by replacing the
mean anomaly, M, with the mean anomaly at epoch, Mg = M | nt, sothat the state vector is
[a;e;i; - ;! ;Mg]. In this way, we remove the mean motion term from the equations of motion. We
can choosethe epoch time asthe time of periapsis passageof the referencepoint, sothat the time
sinceepoch, t, is given by

M
t= —ref (48)
Nref
and the desiredmean anomaly at epoch, Moref is always zero.

We completethe cortrol derivation by de ning a quadratic, positive-de nite Lyapunov function:

1 +a? _ ’
V=3 K1ﬁ+Kziez+ Ka#i?+ Kyt 2+ Kst! 24+ KM 2 (49)
e
Note that in Eq. (49), we assumea diagonal gain matrix, K, and incorporate it into the Lyapunov
function. Taking the derivative of the Lyapunov function with respect to the state, x, we get
h [
Vy = Kl% Kore KizH Kyt KgH KegtMg (50)

Substituting into Eq. (44) yields the following classicalorbital elemen Lyapunov cortrol law:

2 2a%e? 2a’p 0 312 K a 3

p%’ (p+r§1(r:°+re 0 1Rz

h h K,+e
ug = i [TV = | 0 0 ) K g 1)
cl— 1 O] Ve =i 0 0 rs(rigo) K 4t

. pe (p+n)S . 1(+°)Ci K =+

| W he | hS 5

b(pCj 2re) . b(p+n)S 0 K etM o
ahe [ ahe

This formation control law works well for low-thrust, multi-orbit maneuwering of spacecraft
in non-circular, non-equatorial orbits. To nd suc a corntrol for spacecraftin nearly circular or
equatorial orbits, we rst introduce the equinoctial elemen set, whoseequations of motion contain
no singularities.
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The non-singular equinoctial elemens are de ned in terms of the classicalorbital elemeris as:

a = a (52)
P, = esin$ (53)
P, = ecos$ (54)
Q1 = tan |§ sin- (55)
Q. = tan |§ cos- (56)

I = $+M (57)

where $ , the longitude of pericerter, is de ned as

$=-+ (58)
In addition to the mean longitude, |, we also needthe true longitude, L, de ned as

L=$ +0 (59)

We can once again manipulate the mean longitude, |, to get the mean longitude at epoch, |y, by
replacing M with Mo + nt:

=% +Mg=$+M i nt=1; nt (60)

Here we de ne epoch asthe time wherethe referencemeanlongitude is zero, and thus the time since
epoch is
I
t= ref (61)
Nref
Thuswe remove the meanmotion from the equationsof motion of the longitude term. From Battin, 30
the equinactial variational equationsin a Gauss-like form are:

2 2a%(P2SLj Py cosL) 2a’p 3
h hr
; poL r['°1+(i+ 7)s] j Pa(QuCLi QoSyr 2
psin L rfPo+ (1+ F)CL] P1(Q1CLi QoSL)r Ur
_ h h h
" 0 0 r@roirops 74w (62)
22h ) Un
0 0 r(1+Q12;Q2)CL
o pa[(P1SL+PoCL)+ 28] ra(1+ B)(P.CLj P2SL) . r(QiCLi Q.9L)
| h(a+ b) | h(a+ b) I h

where the state x, is the [6 £ 1] equinoctial elemen set, [a;P;1; P2; Q1; Q2; o], and where

q___
b = a 1j P?ij P2 (63)
h = nab (64)
rB = 1+ PysinL + P,cosL (65)

r h
h =~ 1(1+ PysinL + P,cosL) (66)

We choosea candidate Lyapunov function as:
1 s 2 2 2 2 2
V = E KJ_E‘F Kzipl + K3iP2 + K4in+ K5iQ2+ K6i|0 (67)
e
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whosepartial derivative with respect to the state, x, is given by
h i
Vy = K1§—% K2P; KstPy Ky#Q; KsQ, Ketlg (68)

Substituting into Eq. (44) yields the following equinoctial orbital elemern Lyapunov cortrol law:

2 2a%(P,SLj P1CL) 2a%p 3T 5
hr
. pCL r[Pa+ (1+ 2)sL] : Pz(Q10L| Q28L)r Kigg
PR R . i K P
pSL rfPo+ (1+ )CL] Pl(Q1CL. Q2SL)r -1
Ueg= i n n 1+ Q2+ S K 3P (69)
0 0 r(irQir Q) Ql +0:) K 4%Q1
0 0 r(1+Q1+Q2)CL Ks5+Q:
2 0 _ Kailo
o pa[(P1SL+P,CL)+ 2] ra(1+ 2)(PiCLj P2SL) . r(Q1CLI Q.9L)
| h(a+ b) | h(a+ b) | h

The classicaland equinoctial Lyapunov cortrol laws can both be scaledwithout further modi -
cation. Additionally , we can modify both of thesecontrol laws to excluderadial thrusting by setting
the terms in the rst column of the g matrix to zero.

SIMULA TION AND RESUL TS

Numerical simulation of typical maneuwers are preseried to illustrate the e®ectivenessof these
cortrol laws. The primary method of simulation used here implemerts the f and g method3! with
impulsive ¢ v's applied at one-secondtime intervals. This approac closely ts the application of
pulsed plasmathrusters red at 1 Hz.

We also usea cortin uous-time simulation to obtain time-optimal solutions for comparisonwith
the feedbad controllers developed here. Discretized thrust proles resulting from the time-optimal
solutions are implemerted in the discretef and g simulation.

The primary maneuwer reported here is the caseof an anomaly shift maneuver. The orbit
chosenfor the maneuwer has

a = 6775km (70)
e Y% 0 (71)
i = 516 (72)

The maneuwering spacecraftstarts in the sameplane asthe target orbit, but with an anomaly shift
of 2 = 10 “ radians (seeFig. 2). We illustrate the performanceof the cortrollers using plots of the
error dynamics and the thrust proles, aswell asimpulse cournts as a measureof fuel consumption.

The simulation calculates the inertial position and velocity of the spacecraftand target, and
calculatesa feedbadk cortrol law de ned in the precedingsections. Thrust is applied if the requested
cortrol magnitude is greater than the available thrust from the PPTs (112N ). The simulation
calculatesand appliesimpulsive ¢ V at 1H z, and propagatesthe resulting Keplerian motion using
the f and g method.

The time-optimal solution assumescortin uous thrust in the orbital plane, and results in a ma-
neuver that takes12,540secondgabout 2.260rbits). Note that the time-optimal solution doesadmit
radial thrust; thusits performancecould easily be substartially better than the feedbadk cortrollers
that do not admit radial thrust. The time-optimal solution used as a baseline for comparison is
shawvn in Fig. 5.

The LQR solution showvn in Fig. 6 shows that the linear cortroller has similar performance
to the time-optimal cortroller, but usesmore propellant. Tuning of this cortroller would certainly
improve its performance.
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Figure 5: Time optimal corntinuousthrust solution, corvergesafter 12,540impulses

An example of the H; cortroller is shawvn in Fig. 7. As with the LQR controller, the perfor-
manceis similar to the time-optimal, but tuning is neededto obtain equivalent performance.

The equinoctial element cortroller results are shavn in Fig. 8. Note that this cortroller performs
almost aswell asthe time-optimal cortroller. This cortrol allowsusto exploit the fact that increasing
the semi-mgor axis of the maneuwering spacecraftdecreasests mean motion and thus performs a
near-optimal anomaly shift maneuwer. We accomplishthis by de ning a positive de nite K matrix
with (j ) o® diagonal K 15 term. Becausethis is an upper triangular matrix, we can set the o®
diagonal term however we pleasewithout a®ectingthe positive de niteness of the matrix. In this
simulation, we begin with a "nite K5 value, and set it to zero as socon as the mean longitude at
epoch, lo, is suxciently small. In this case,we turn o® the crossvariable term when ly < 10 6
radians.

The performancecharacteristics of the four di®ereri controllers are summarizedin Table1. The
table provides the number of impulsesrequired to converge,the time to convergein orbital periods,
and the ratio of the number of impulsesrequired for the given cortroller over the number of impulses
required by the time-optimal cortroller.

CONCLUSIONS

Sewral state-feedba& cortrol techniquesfor the maneuwvering and maintenance of a formation
of satellites have been developed. These techniques are based both on linear and nonlinear rep-
resertations of the state dynamics. A minimum-time continuous thrust cortrol is preseried as a
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Figure 6: LQR cortrol simulation, corvergesafter 14,373impulses

baselinefor comparison. The linear cortrollers are basedon the Hill-Clohessy-Wiltshire equations.
Discrete-time H,/LQR and H; cortrol solutions are preseried. The nonlinear cortrollers are based
on the Lyapunov cortrol approadh. Performance of the Lyapunov cortroller is nearly equivalent
to that of the time-optimal control. Tuning of the equinoctial elemen-based Lyapunaov cortrol is
facilitated by the physical insight into thesestates. Howewer, the linear controllers are more ditcult

to tune, leading to inferior performanceusing the gainsillustrated here.
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Table 1: Comparison of cortroller performance

Control Number of Orbits to Dead zone Ratio of impulses
law impulses  corverge amplitude (m) to optimal
Optimal 12,540 2.26 0.2 1
LQR 14,373 4.35 5.2 1.15
Hi 15,803 4.31 6.7 1.26
Equinoctial 12,683 2.28 10.8 1.01
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