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ABSTRACT

We develop a non-linear tracking control law to be applied to formation flying spacecraft. Each spacecraft in the
formation is modeled as a rigid body wiffi axisymmetric wheels controlled by axial torques, and the kinematics
are represented by Modified Rodriques Parameters (MRPs). The paper first derives the open-loop reference attitude,
rate, and acceleration commands for tracking a moving object with the sensor boresight vector defined along a body-
fixed axis. The reference trajectory is constructed so that the solar panel normal is aligned with the sun vector at
all times while tracking targets on the rotating earth. The controller makes the body frame asymptotically track the
reference motion when there are initial errors in the position and angular rates. A simple target tracking example is
presented to demonstrate that the controller will allow each spacecraft in the formation to track the target and the sun
simultaneously.

INTRODUCTION

The formation flying concept has become a topic of interest in recent years. Gramlingdise@lssed the On-
board Navigation System (ONS) for relative navigation of the Earth-Observing-1 (EOS-1)/Landsat-7 (L-7) formation.
The performance of the ONS was investigated in terms of tracking measurement type and quality, tracking frequency,
and the relative orbital geometry of the formation. De€presented a station-keeping strategy for formation flying
interferometry. He discussed the basic orbital configuration for interferometry missions and the thrust requirements
for station-keeping of a two-satellite formation. The work done by Ulyby$pevtains to station-keeping of a con-
stellation using a linear-quadratic regulator for feedback control. The controller minimized the along-track relative
displacements between spacecraft and the orbital period displacements relative to a reference orbit. Ealisoet al.
addressed separations between spacecraft in a formation. The performance of a formation to observe ground targets
simultaneously for various separations was evaluated. Simulation results for three different types of formations were
presented in terms of attitude and field of view (FOV) errors.

Spacecraft rotational tracking maneuvers specifically for formation flying have not been addressed in the liter-
ature. The problem of tracking moving objects applicable to formation flying has been studied by various authors,
and much of the work developed in this paper is based on Refs. 5,6 and 7. Schailalsbaliscussed rotational
tracking maneuvers similar to what we present here, except that they optimized the reference trajectory for time and
fuel requirements and used a different Lyapunov function to derive the momentum wheel controllet a8tkyvie
and LU both investigated momentum wheel feedback controllers for rotational maneuvers. Slew rate constraints
and near-minimum-time maneuvers were taken into account.

To determine the feasibility of formation simultaneous target tracking, we first consider the pointing and tracking
requirements for an individual spacecraft. The desired attitude is constructed by making the sensor boresight axis
co-linear with the position vector from the spacecraft to any arbitrary target. We define the target to be a point
on the rotating earth, but it could be any inertially fixed, or moving target. We define two intermediate coordinate
frames using the boresight axis, the solar array axis, and the sun vector to construct basis vectors that simultaneously
allow the spacecraft to point at the target and keep the solar panel vector normal to the sun direction. The ideal
tracking body rates and accelerations are computed from the first and second derivatives of the attitude, respectively.
The reference acceleration is used to compute the ideal axial control torque for the control law. The controller uses
Lyapunov control theory to drive any initial errors in the attitude and angular velocity to zero asymptotically. The



Figure 1: Rigid body with N momentum wheels

controller calculates the necessary control torque to track the specified trajectory, while countering all effects due to
gravity gradient torques.

The first part of this paper defines the equations of motion an individual formation flying spacecraft model. The
dynamics are presented, along with the kinematics expressed in terms of the body and reference frames. The second
part of the paper outlines the open-loop computation of the ideal target tracking trajectory while keeping perfect
alignment between the solar panel normal and the sun. The last part of the paper deals with the nonlinear feedback
controller that makes the spacecraft body frame track the reference trajectory.

EQUATIONS OF MOTION

In this section, a system model is presented for use in developing tracking control algorithms. The equations of
motion presented here follow the notation developed in Hugtraesd Hall}?> We first consider a rigid spacecraft
P, shown in Figure 1, withV rigid momentum wheel$/’;, i = 1,---, N. The wheels have an arbitrary, but fixed
orientation with respect to the body. L&} denote the body frame with the origin at the center of mass of the system
P+ Zfil W;, and F; denote the inertial frame. The desired trajectory to be tracked comes from the trajectory
generated by a “virtual” spacecraft in a reference frame.Aetepresent this reference frame which is fixed at the
center of mass of this virtual spacecraft. In Ref. 7, the “virtual” spacecraft is assumed to be a rigid body. Here we
assume that the virtual spacecratft is a rigid body with momentum wheels gyrostat, with the same properties as
the real spacecraft.

LetI represent the moment of inertia of the system, including the momentum wheels, artlag{ /51, -, [sn }
denote the axial moments of inertia of each momentum wheel. The dynamics of the gyrostat are given by

hy = hJ '(h, — Ah,) +g. @)
ha = 8a (2)



gy, = Glop)ws (3)
where “x” denotes a skew-symmetric matrib, is the3 x 1 system angular momentum vectorj
hy, = 1w, + AL w; 4)
andh, is the N x 1 matrix of the axial angular momenta of the wheels defined as
h, = LATwy + Lw, ®)

Herew; is anN x 1 matrix that describes the axial angular velocities of the momentum wheels relative to the body.
The3 x N matrix A contains the axial unit vectors of tHé momentum wheels, anfl is an inertia-like matrix?
defined as

J=1-AIL,AT (6)

From Egs. (4), (5), and (6) it can be shown that the angular velocity of the body frame can be written as
wy =J ! (hy — Ahy) (7)

The termg, represents théV x 1 matrix of the internal axial torques applied by the platform to the momentum
wheels. This is the control torque needed for tracking manuevers. In this paper, the only external torque that our
controller compensates for is the uncontrolled gravity gradient tdfge

ge =3 ——— 06,1063 (8)

||r80||3
whereos is the nadir vectoii.e. 65 = —r;,/||rs0||, With ry, being the position vector from the center of the earth
to the center of mass of the spacecraft in the orbital fréfe The kinematics in Eq. (3) are written in terms of
Modified Rodriques Parameters (MRP’s). The MRP’s are a three-parameter set derived from the Euler axis/angle
representatiorf and are defined:
o = étan (®/4) (9)

whereé is the unit vector along the Euler principal axis, abds the Euler principal rotation angle. The matrix
G(oy) in Eq. (3) is defined as

T
1+ o0y 0 1> (10)

1
G(oy) = = (1 t+o +oloy— 5

2
wherel is the3 x 3 identity matrix.
Since the virtual spacecraft has the same inertial and wheel parameters as the real spacecraft, the reference frame

dynamics are the same as Eqgs. (1-5), except that the subisisrigplaced with-. The uncontrolled external torque
g. remains the same and the reference wheel toggueomes from first noting thai,. can also be expressed as

1:17" =Jw, + Ahar =Jw, + Agar (11)
Equating Eqgs. (11) and (1) in termsBf yields the following expression for the desired axial control tordug ,:
Agar = h;Jil(hr - Ahar) +8e — Jwr (12)

whereJ~!(h, — Ah,,) is the desired angular velocity,.. The torqueg,, is the torque that would generate the
desired trajectory without any initial condition errors. Likewise with the kinematics, the reference MRP’s are given
by Eq. (3) with the subscriptinstead ob.

TRACKING KINEMATICS

Tracking a moving object involves two kinematical aspects: pointing at an object and then moving at the correct
rate to stay aligned with the target for a given length of time. In this section, we develop the ideal attitude, rate, and
acceleration commands needed for target tracking. The desired trajectory is computed in an open-loop fashion, and
is defined to be the trajectory of the virtual spacecraffjn The controller will then make the body frame track this
reference motion asymptotically.



Pointing

Pointing at a target requires a specific attitude to make the position vector from the target to the spacecraft co-
linear with the instrument boresight as illustrated in Fig. 2. We define the target to be a point on the rotating earth
defined by its latitude and longitude. We also require that the attitude be constructed so that the sun urit vector
is perpendicular to the solar panel unit vecfowhile pointing at the target. This sun tracking is also known as
yaw-steering®

direction of orbit

Figure 2: Setup for Target Tracking.

The instrument axis can be any unit vector fixedFy which is defined to be the samef. In this paper, we
assume that the instrument boresight is defined along the “1” directigp &amd 7.

ay=a,=[10 0] (13)

From Figure 2, it can easily be seen that the target position vector with respect to the spagegraéin be written
in F; as

Ti/si = Tti — Tsi (14)
wherer,; represents the position vector from the center of the earth to the spacedfafiline vector,; is assumed
known, and the target position vector is expressef;ias

ry; = [cos(d:) cos(BgsT + Lt) cos(dt) sin(fgst + Lt) sin((st)]T (15)
whered; andL; are the latitude and longitude of target, respectively,tang- is Greenwich sidereal time measured
from a given epoch.

To find the required pointing attitude, we develop the rotation m&fikthat will make the condition in Fig. (2)

true and satisfy the yaw-steering condition:
Spr=0 (16)



We define two intermediate framés, and F, that are used with the frames, and F, to construct the rotation
matrix R™. Our motivation for this approach is that given the position vectors in Figusg &,andp, the attitude
that will align the boresight with the target and the solar panel normal with the sun can be constructed at once by the
following:

Rri — chRcaRaoRoi (17)
An alternative method is to develop the necessary pointing attitude without the yaw steering, and then determine the
rotation about the sensor axis needed to satisfy Eq. (16). This approach is less attractive since it requires an extra

computation in the algorithm.

The rotation matrixR°? is determined by the spacecraft inertial position and velocity veetgandv;, respec-

tively, and is given by the following

—Ty

03; = Teail (18)
St
>< .

Oy = s (19)
e i vsill

A 6;632

015 = Tx~ (20)
||65;03]|

R = [61; 02 63" (21)

We construct the basis ¢f, using the boresight axis and the sun vecta¥. These vectors, known in the orbital
frame using Eq. (21), are used to contruct the rotation m&fik As with R°?, the rotation matrix betweefi, and

Fois
a, = a, (22)
a*xs,
a = © 23
a3o ||a;< §O|| ( )
ay, = a4, (24)
Rao — [élo EA120 530]T (25)

The basis ofF. is defined by the solar panel axis and the boresight axis vectar both of which are known itF,
and henceF,.. As before, the rotation matriR"“ is constructed by

617‘ = ar (26)
X A
R a, Pr
C3r ~ (27)
lar by |
Cop = €5.C1p (28)
R™ = [élr 627“ éBr]T (29)

To determine the rotation matrix froth. to F,, we use the prescribed orthogonality condition between the sun
vector and the solar panel axis. Equation (16) can be expressed as

sIR™p,. =0 (30)

From Egs. (22) and (26), it is easy to see thaandc; are the same vector, therefére- ¢; = 1. By definition, the
unit vectorsa, andas are perpendicular td , so they are also perpendicularda The same is true fai;, which is
also perpendicular t&, andés. As a resultR*¢ is a “1” rotation and Eq. (30) becomes

1 0 0
§:{ 0 cosb,. sinf,. [p.=0 (31)
0 —sinf,. cosfy,.



Because of the way we have definggandF., s3, andps. are zero and Eq. (31) expands as
S1aP1c + S24P2¢ COS Ooe =0 (32)

The angled, . is then easily found by solving Eq. (32), which satisfies the yaw-steering condiRd#.is then
calculated by substitutingy,. into Eq. (31). The ideal target pointing attituReé* is then constructed by multiplying
together the rotation matrices found in Eq. (17).

Tracking

To keep the spacecraft pointed at the target, the spacecraft must rotate as it moves in its orbit. We develop rate
and acceleration commands similar to those found in Ref. 6. We begin by taking a time derivative of Eq. (14) to get

Ti/si = Tti — T (33)

wherer,; is simply the known spacecraft velocity vector anglis given bywr;;, wherew, is the angular velocity
of the earth.

For the spacecraft to track a given target correctly, the angular velocity has to be coupled to the attitude. We
preserve this coupling by calculating the spacecraft angular rate vectors in each of the coordinate frames and then use
the pieces to construct the correct angular tracking rate in the body frame, which is

wy’ = Wit + Wi (34)
This is analogous to the calculation of each rotation matrix to get ffoito F.. in the previous section.

We begin by defining the orbital rate vector/y. Since we are assuming that the orbit is circular, the orbital rate
vector is just the mean motion of the orbit expressed as

T
wy = {o — /1[I, 0] (35)

The superscripbi denotes the angular velocity %, with respect taF;, the subscripb shows that the rate vector is
expressed itF,, andy is the earth’s gravitational parameter.

SinceF, and.F, change with time, we need to calculate the angular velaofly. It is not difficult to show!
thatw?? can be calculated based on the differentiatioR6f as

o]

wlg]:OX — _ REOROE (36)

where ‘©” denotes differentiation with respect to a moving coordinate frame. The mﬁtﬁ’xis found by first
rewriting Egs. (22)—(24) as

Dia;, = Tt/so (37)
D2£130 = I‘tX/SOSO (38)
EA120 - é?>,<oéilo (39)

X

where the scalar quantitid3; and D, are given by]|r;/,,|| and||rt/so

equations with respect to time results in the following

So||, respectively. Differentiating the above

I.‘t/so - Dlalo

S T (40)
- i'x é0_-D2€13o
gy = (41)

x )
A A~ AX A
ax, = ag,a;,+aza, (42)



where the above has been simplified by noticing that the sun vector slowly varies in the inertial frame, and can be
assumed to be fixed throughout the spacecraft trajectory thus, elimisatime rates of change @, and D, are

. I.‘t/so'rt/so
D, = Izelt/so 43
1 = (43)
D, = (F1/00%0) (¥1/05%0) (44)
D,

These time derivatives have been computed with respegt.toe need the time derivatives with respect to the
moving orbital frame, which we find by making use of the following velocity equation from analytical dyngmics

V=v+wv (45)

wherev represents any vector expressed in a frame with angular vetocit{fe write the expressions for the unit
vector rates of change with respectfp as

o

é10 = EAllo - wglxalo (46)
o . .

é30 - EA130 - wglxa3o (47)
o o X o

é20 - 530 E/\110 + 5‘3),(0 é10 (48)

and then the rate of changeRf° with respect taF, is simply
1) [} [} o T
Rao - |:élo EAlZo é301| (49)

Using Eqg. (36), the angular velocity? is then found to be
wi = w? + R*wY (50)

It can be seen from Eq. (31) that® is simply

W = [9 0 O]T (51)

andé,. is found by taking a time derivative of Eq.(32) to yield

_Slaplc - S2ap2c COos gac

Boc = , (52)

524D2¢ 8in B4

where the derivative of the sun vector with respecttas given by
Sa= —w X8, (53)

The frame¥. has a fixed orientation with respectf9., sow, = 0. As a result, the desired tracking body rate
vectorw’! is constructed by adding Egs. (50) and (51), and then rotating them into the reference frame to get

w;’ = R™ (w5 + wy) (54)
whereR" is the rotation matrix fronf, to F,. and is found from the previous section to be
R™® = R'¢ [Rac]T (55)

Once the angular rates are known in each of the coordinate frames, we compute the desired angular accelerations.
The accelerations are needed to compute the reference axial wheelggrqueyenerate the desired trajectory. The



angular acceleratiow:i is constructed analogously to the angular velogify by differentiating Egs. (33-53). The
acceleration commands are found by taking a time derivative of Eq. (33)

Ti/si = Tt — T (56)
Heret,; is simply the two-body equation of motibigiven as

7

Fo— — 1. 57
|73 ||rsi||3 |73 ( )
It can be shown from basic kinemattéand from Ref. 5 that the inertial acceleration of the tafggis
. W%‘rti ~ 2 A
Ty = —— 1 + ||rti||w6ut (58)
el
wheren; anda; are the normal and tangential unit vectors of the target motion.
The angular acceleratiahgi is found by differentiating Eq. (35):
) T
@' = [0 15w/ (Intl/ullei) o (59)
The angular acceleratiaongo is found by differentiating Eq. (36) which yields
‘:’Jaox — _ﬁaoRoa _ ﬁaoﬁoa (60)
The second derivative @&*° is found by differentiating Eqgs. (46—48):
a1, = a, —2wl%a, - Wi (Wiay,) — Wi ay, (61)
Az, = ag, — 2w %Ay, — WX (Wl ag,) — W as, (62)
oo ooX oX o oo
as, = Aag,a1,+2a5,a,+a5,ar, (63)
[e]e) [e]e) [e]e) T
Rao = |:élo EAlZo EA130:| (64)
where the inertial derivatives of the unit vectors are found by differentiating Eqs. (40-41):
. . _ 2D X - D ~ ,
AL Tt/so0 141 1a1 (65)
D,
% N~ N
. T 050 — 2D2a3, — Doag,
, = 66
as D, (66)
- T so’ so) T I so'. so _D2
D, = (Tt/50Tt/50) T (Tt/50Tt/50) 1 (67)
D,
by = FegsoBo) EuyuSo) + (E7)p80)-(xi)so80) = Ds (68)
Dy
and thenw”* becomes
Wi =ws® + R™GY (69)
Likewise,&):g“ is found by differentiating the expression in Eq. (51) where
n _na c Zéac.a c i eac_"a c 0116
b, — S1aP1c t+ S24P2¢ SIN S2qP2c COS (70)

S2aP2¢ sin aac



and the acceleration of the sun vector with respe@itds given by

[e)e] . (o} . .
§o= 2w 5, —WI (WP*8,) (71)
The desired angular acceleration becomes
W= R (W + W) (72)

where as beforéR" is the rotation matrix fron¥, to F,.. Like the desired angular velocity vectmf;i, the desired

acceleration vectab”" is constructed from knowinéaga andw® in F, using Eq. (55). Having now fourll", w’?,

andw,’, we can completely describe the desired trajectory that the real spacecraft needs to have in order to track a
target. In the next section, we show how this open-loop reference trajectory is used to derive a control law that will
asymptotically drive any initial attitude and rate errors in the body frame to zero.

CONTROLLERS

The nonlinear feedback controller presented in this paper uses momentum wheels to generate the internal axial
torqueg,. Here, the wheels are the only devices used to track rigid spacecraft attitude motions and to correct tracking
errors. Thrusters were used in Ref. 7 to track the attitude motions while momentum wheels corrected for tracking
errors. The only external torque is the gravity gradient torgiuel ike the controllers used in Ref. 7, this feedback
controller globally asymptotically stabilizes the tracking error through the use of a Lyapunov function.

Error Kinematics

We define the tracking error kinematics between the body and reference frames. The attitude tracking error is
defined by ’ ’
R"(do) = R"(0y)R" (o) (73)

with Rb’"(éa) being the rotation matrix from the reference fraffeto the body frameF,, anddo is the error in the
attitude between the framgg andF,.. The tracking error of the angular velocity expressedijras

dw=w, — R (do0)w, (74)
Using Eq. (3), the differential equation for the error kinematics becomes
00 = G(do)dw (75)
With these three relations, we are now ready to derive the control law in the next section.
The Feedback Tracking Controller
The feedback momentum wheel controller is derived from Lyapunov control theory. We use the following Lya-

punov function candidafe
V= %&.:TK&.: + 2kyIn (1 + 601 60) (76)

wherek; is some positive gain constant. Substituting Eq. (74) into Eqg. (76) and taking the derivative, yields the
following equation forf/” in terms ofw, w,., and the tracking erroido anddw:
doTéo

1+ d0Té0 (77

V= [wb — R (60w, — Rbr(éa)wr] ! Kéw + k»
We rewrite Eq. (77), using Egs. (1) and (75), as
V=[3" (h)wp +g — Ag.) — w 6w — R (60)I " (h}w, + g, — Agar)] Kéw + kb0’ dw  (78)
where we have made use of the fact proved in Ref. 7

dR""(00)

W= w;, dw (79)



Letting K = J in Eqg. (78) and making use of Eq. (7), the final equation for the derivatiVé loécomes:

Vo= - [-h; T '(hy — Ah,) — g. + Ag, + Jw; dw
+JR(60)I ' I (h, — Ah,,) + JR" (60)T 'g.
— JRbT(CSO')JilAgar - k‘250’]T ow (80)

We want to choose the control torquis, so thatl” is negative definite. Choosing

Ag, = hfJ7'(hy - Ah,) +g. — Jw; 6w
—JR"(80)3 'h T (h, — Ah,,) — IR (60)T 'g.
+JRY (60)ITAg,, + kibw + kb0 (81)

wherek; is a positive gain constant leads to

V= —kéwdw <0 (82)

As found in Ref. 7, it can be shown that the control law in Eq. (81) guarantees perfect trackiiag, ite + w,(t)
ando,(t) = o, (t) for all ¢ > 0 if the initial condition errors are zero, i.éw(0) = 0o(0) = 0.

NUMERICAL EXAMPLE

We demonstrate the capability of the momentum wheel control law by presenting a target tracking example. Given
a circular orbit with an altitude of 279.24 km, we want to a spacecraft to acquire and track Cape Canaveral, Florida
(6 = 28.467°N, L, = 80.467°T) starting with a sub-satellite point locatedlat583° NV longitude and 18.381°TW
longitude. Here, our algorithms do not determine whether or not the target is actually visible by the sensor. We will
assume, for this example, that the spacecraft can see the target. The spacecraft is modeled as a gyrostat with three
momentum wheels aligned with the principal axes. Their axial moments of inertia are given as

I, = diag(10, 30, 70) (83)
We let the spacecraft total moment of inertia matrix (platform and momentum wheels) be
J = diag(200, 150, 175) (84)
and the solar panel unit vectpris defined inF;, as
p =[0.5437 0.8269 0.1440]" (85)

The spacecraft actual initial attitude ds, (0) = [—0.1259 0.2598 — 0.0988]" with its sensor boresight initially
pointing at24.737°N longitude and100.435°W longitude. We let the platform initially rotate witl,(0) =
[-0.0040 — 0.00854 O.OOOQ]T.

The target tracking maneuver results are shown in Figs. 3, 4, and 5. Thé fyaitie controller were chosen to
bek, = 54 andk, = 47.

Figure 3(a) shows the time history &, and Figure 3(b) shows the time historydb. It can be seen that the
controller does indeed make the body frame track the prescribed reference trajectory. All of the attitude and rate
errors were driven asymptotically to zero over time. Figure 4(a) shows the control torque generated by the controller.
The controller initially generates large torques to slew the spacecraft to point at the target. Once the target has been
acquired, which means all errors are zero, the torques needed to track the target become very small and equal to
g.r - Figure 4(b) illustrates the ideal torqgg, needed for target tracking if all there are no initial errors. Figure 5
illustrates the yaw-steering condition of Eq. (16). Itis clearly seen that the solar panel axis becomes normal to the sun



vector about the same time the spacecraft acquires the target (40 sec.). Thus, Figure 5 indicates that the spacecraft
can simultaneously a target while maintaining its power requirements.
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Figure 3: The time history of (a)o and (b)dw.
CONCLUSIONS

A method for computing a multiaxis target tracking trajectory has been developed that also allows the solar panel
normal to be aligned with the sun vector during a tracking maneuver. Other authors have developed similar algo-
rithms, but the open-loop trajectory in this paper is attitude parameter independent with the sun tracking requirement
incorporated. A control law has been developed that uses internal torques provided by the momentum wheels for
tracking rotational maneuvers. The control law is a function of the spacecraft angular momentum, wheel momenta,
and attitude, as well as the desired pointing direction. A simple tracking maneuver example clearly shows that the
wheel controller makes the body frame track the reference motion.
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