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.HSOHU·V�/DZV

,� 7KH�RUELW�RI�HDFK�SODQHW�LV�DQ�HOOLSVH�ZLWK�
WKH�6XQ�DW�RQH�IRFXV�

,,� 7KH�OLQH�MRLQLQJ�WKH�SODQHW�WR�WKH�6XQ�
VZHHSV�RXW�HTXDO�DUHDV�LQ�HTXDO�WLPHV�

,,,���7KH�VTXDUH�RI�WKH�SHULRG�RI�D�SODQHW�LV�
SURSRUWLRQDO�WR�WKH�FXEH�RI�LWV�PHDQ�
GLVWDQFH�WR�WKH�VXQ�

,� 7KH�RUELW�RI�HDFK�SODQHW�LV�DQ�HOOLSVH�ZLWK�
WKH�6XQ�DW�RQH�IRFXV�

,,� 7KH�OLQH�MRLQLQJ�WKH�SODQHW�WR�WKH�6XQ�
VZHHSV�RXW�HTXDO�DUHDV�LQ�HTXDO�WLPHV�

,,,���7KH�VTXDUH�RI�WKH�SHULRG�RI�D�SODQHW�LV�
SURSRUWLRQDO�WR�WKH�FXEH�RI�LWV�PHDQ�
GLVWDQFH�WR�WKH�VXQ�
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.HSOHU·V�)LUVW�7ZR�/DZV

,���7KH�RUELW�RI�HDFK�SODQHW�LV�DQ�HOOLSVH�ZLWK�WKH�6XQ�DW�
RQH�IRFXV�
,���7KH�RUELW�RI�HDFK�SODQHW�LV�DQ�HOOLSVH�ZLWK�WKH�6XQ�DW�
RQH�IRFXV�

,,���7KH�OLQH�MRLQLQJ�WKH�SODQHW�WR�WKH�6XQ�VZHHSV�RXW�
HTXDO�DUHDV�LQ�HTXDO�WLPHV�
,,���7KH�OLQH�MRLQLQJ�WKH�SODQHW�WR�WKH�6XQ�VZHHSV�RXW�
HTXDO�DUHDV�LQ�HTXDO�WLPHV�

.HSOHU·V�7KLUG�/DZ

,,,���7KH�VTXDUH�RI�WKH�SHULRG�RI�D�SODQHW�LV�SURSRUWLRQDO�
WR�WKH�FXEH�RI�LWV�PHDQ�GLVWDQFH�WR�WKH�VXQ�

,,,���7KH�VTXDUH�RI�WKH�SHULRG�RI�D�SODQHW�LV�SURSRUWLRQDO�
WR�WKH�FXEH�RI�LWV�PHDQ�GLVWDQFH�WR�WKH�VXQ�
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+HUH�T LV�WKH�SHULRG��a LV�WKH�VHPLPDMRU�D[LV�RI�WKH�HOOLSVH��
DQG m LV�WKH�JUDYLWDWLRQDO�SDUDPHWHU��GHSHQGV�RQ�PDVV�RI�
FHQWUDO�ERG\�

+HUH�T LV�WKH�SHULRG��a LV�WKH�VHPLPDMRU�D[LV�RI�WKH�HOOLSVH��
DQG m LV�WKH�JUDYLWDWLRQDO�SDUDPHWHU��GHSHQGV�RQ�PDVV�RI�
FHQWUDO�ERG\�
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(DUWK�6DWHOOLWH�2UELW�3HULRGV
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<RX�VKRXOG�EH�DEOH�WR�GR�WKHVH�FDOFXODWLRQV���'RQ·W�
IRUJHW�WR�DGG�WKH�UDGLXV�RI�WKH�(DUWK�WR�WKH�
DOWLWXGH�WR�JHW�WKH�RUELW�UDGLXV�

1HZWRQ·V�/DZV

� .HSOHU·V�/DZV�ZHUH�EDVHG�RQ�REVHUYDWLRQ�
GDWD� ´FXUYH�ILWVµ

� 1HZWRQ�HVWDEOLVKHG�WKH�WKHRU\�
� 8QLYHUVDO�*UDYLWDWLRQDO�/DZ

� 6HFRQG�/DZ

� .HSOHU·V�/DZV�ZHUH�EDVHG�RQ�REVHUYDWLRQ�
GDWD� ´FXUYH�ILWVµ

� 1HZWRQ�HVWDEOLVKHG�WKH�WKHRU\�
� 8QLYHUVDO�*UDYLWDWLRQDO�/DZ

� 6HFRQG�/DZ
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(OOLSWLFDO�2UELWV

� 3ODQHWV��FRPHWV��DQG�DVWHURLGV�RUELW�WKH�6XQ�
LQ�HOOLSVHV

� 0RRQV�RUELW�WKH�SODQHWV�LQ�HOOLSVHV
� $UWLILFLDO�VDWHOOLWHV�RUELW�WKH�(DUWK�LQ�HOOLSVHV
� 7R�XQGHUVWDQG�RUELWV��\RX�QHHG�WR�
XQGHUVWDQG�HOOLSVHV��DQG�RWKHU�FRQLF�
VHFWLRQV�

� %XW�ILUVW��OHW·V�VWXG\�FLUFXODU�RUELWV�
� D�FLUFOH�LV�D�VSHFLDO�FDVH�RI�DQ�HOOLSVH

� 3ODQHWV��FRPHWV��DQG�DVWHURLGV�RUELW�WKH�6XQ�
LQ�HOOLSVHV

� 0RRQV�RUELW�WKH�SODQHWV�LQ�HOOLSVHV
� $UWLILFLDO�VDWHOOLWHV�RUELW�WKH�(DUWK�LQ�HOOLSVHV
� 7R�XQGHUVWDQG�RUELWV��\RX�QHHG�WR�
XQGHUVWDQG�HOOLSVHV��DQG�RWKHU�FRQLF�
VHFWLRQV�

� %XW�ILUVW��OHW·V�VWXG\�FLUFXODU�RUELWV�
� D�FLUFOH�LV�D�VSHFLDO�FDVH�RI�DQ�HOOLSVH

&LUFXODU�2UELWV

� 7KH�VSHHG�RI�D�VDWHOOLWH�
LQ�D�FLUFXODU�RUELW�GHSHQGV�
RQ�WKH�UDGLXV

� ,I�DQ�RUELWLQJ�REMHFW�DW�D�SDUWLFXODU�
UDGLXV�KDV�D�VSHHG�< vc��WKHQ�LW�LV�LQ�DQ�
HOOLSWLFDO�RUELW�ZLWK�ORZHU�HQHUJ\

� ,I�DQ�RUELWLQJ�REMHFW�DW�UDGLXV�U�KDV�D�
VSHHG�> vc��WKHQ�LW�LV�LQ�D�KLJKHU�HQHUJ\�
RUELW�ZKLFK�PD\�EH�HOOLSWLFDO��SDUDEROLF��
RU�K\SHUEROLF

� 7KH�VSHHG�RI�D�VDWHOOLWH�
LQ�D�FLUFXODU�RUELW�GHSHQGV�
RQ�WKH�UDGLXV

� ,I�DQ�RUELWLQJ�REMHFW�DW�D�SDUWLFXODU�
UDGLXV�KDV�D�VSHHG�< vc��WKHQ�LW�LV�LQ�DQ�
HOOLSWLFDO�RUELW�ZLWK�ORZHU�HQHUJ\

� ,I�DQ�RUELWLQJ�REMHFW�DW�UDGLXV�U�KDV�D�
VSHHG�> vc��WKHQ�LW�LV�LQ�D�KLJKHU�HQHUJ\�
RUELW�ZKLFK�PD\�EH�HOOLSWLFDO��SDUDEROLF��
RU�K\SHUEROLF
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7KH�(QHUJ\�RI�DQ�2UELW

� 2UELWDO�HQHUJ\�LV�WKH�VXP�RI�WKH�NLQHWLF�
HQHUJ\��mv2/2��DQG�WKH�SRWHQWLDO�HQHUJ\��-µm/r

� &XVWRPDULO\��ZH�XVH�WKH�VSHFLILF�PHFKDQLFDO�
HQHUJ\��E �L�H���WKH�HQHUJ\�SHU�XQLW�PDVV�RI�
VDWHOOLWH�

� )URP�WKLV�GHILQLWLRQ�RI�HQHUJ\��ZH�FDQ�
GHYHORS�WKH�IROORZLQJ�IDFWV
• E<0 ⇔ RUELW�LV�HOOLSWLFDO�RU�FLUFXODU
• E=0  ⇔ RUELW�LV�SDUDEROLF
• E>0  ⇔ RUELW�LV�K\SHUEROLF

� 2UELWDO�HQHUJ\�LV�WKH�VXP�RI�WKH�NLQHWLF�
HQHUJ\��mv2/2��DQG�WKH�SRWHQWLDO�HQHUJ\��-µm/r

� &XVWRPDULO\��ZH�XVH�WKH�VSHFLILF�PHFKDQLFDO�
HQHUJ\��E �L�H���WKH�HQHUJ\�SHU�XQLW�PDVV�RI�
VDWHOOLWH�

� )URP�WKLV�GHILQLWLRQ�RI�HQHUJ\��ZH�FDQ�
GHYHORS�WKH�IROORZLQJ�IDFWV
• E<0 ⇔ RUELW�LV�HOOLSWLFDO�RU�FLUFXODU
• E=0  ⇔ RUELW�LV�SDUDEROLF
• E>0  ⇔ RUELW�LV�K\SHUEROLF
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)DFWV�$ERXW�(OOLSWLFDO�2UELWV

� 3HULDSVLV�LV�WKH�FORVHVW�SRLQW�RI�WKH�RUELW�WR�WKH�
FHQWUDO�ERG\
• rp = a(1-e)

� $SRDSVLV�LV�WKH�IDUWKHVW�SRLQW�RI�WKH�RUELW�IURP�
WKH�FHQWUDO�ERG\
• ra = a(1+e)

� 9HORFLW\�DW�DQ\�SRLQW�LV
• v = (2E+2µ/r)1/2

� (VFDSH�YHORFLW\�DW�DQ\�SRLQW�LV
• v = (2µ/r)1/2

� 3HULDSVLV�LV�WKH�FORVHVW�SRLQW�RI�WKH�RUELW�WR�WKH�
FHQWUDO�ERG\
• rp = a(1-e)

� $SRDSVLV�LV�WKH�IDUWKHVW�SRLQW�RI�WKH�RUELW�IURP�
WKH�FHQWUDO�ERG\
• ra = a(1+e)

� 9HORFLW\�DW�DQ\�SRLQW�LV
• v = (2E+2µ/r)1/2

� (VFDSH�YHORFLW\�DW�DQ\�SRLQW�LV
• v = (2µ/r)1/2


